Google 



This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 

to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 

to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 

are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other maiginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 

publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing tliis resource, we liave taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 
We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain fivm automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attributionTht GoogXt "watermark" you see on each file is essential for in forming people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liabili^ can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 

at |http: //books .google .com/I 



■■■IP « -• ^ ^Tfinil^H •( ■ HI - 







i/'.c/^. >// 



■; '. 



SHORT VIEW 



OF 



THE FIRST PRINCIPLES 



OV THE 



^xfitxvMiBX 4!ralmlttf». 



By the Rev. ARTHUR BROWNE, M.A. 

FELLOW OF ST. JOHN'S CdLLBOB^ CAMBRIDGE. 



CAMBRIDGE: 

Printed by J. Smith, Printer to the Univenitf; 
PUBUSHED BY J. DEI6HTON 9t SONS, CAMBRIDGE, 

Alf D BT G. B. WHITTAKER^ AVE-MARIA-LAHE^ LONPON ; AND 
SOLD BT MATCHETT U STETEVSON^ NORWICH. 

1824 



PREFACE 



Objections have frequently been raised agakist 
the study of Mathematics^ as pursued at the Univer- 
sity of Cambridge. It has been urged, that since 
the truths, which this study unfolds, have no relation 
to the concerns of common life ; and, tha!t since a 
knowledge of the abstract properties of Geometrical 
figures, and Analytical symbols, has no tendency to 
make us either wiser or better than we were before, 
Mathematics must of all subjects be least calculated 
fo prepare the minds of students, for whatever station 
in life they may hereafter be called upon to fill. It 
has been insinuated, that while, amid the variety of 
learned professions, it would have been impossible to 
select a subject, equally adapted to the wants of every 
student, we have, with singular impartiality^ selected 
one, which is perfectly useless to them all. These 
objections have derived additional force^ from its 
being observed^ that the three years, which are spent 
at Cambridge^ are, as &r as education is^concerned^ 
the three best years of our life ; and, that many^ 
when they have completed their career at the Uni- 
versity^ become so occupied in the duties and business 
of their station, as to have no leisure for more useful 
and important studies. In answer to these objec- 
tions it has been stated, that those young men, who 
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annually resort to Cambridge, for the benefit of a 
University education, are mostly intended for one of 
the three learned professions^ and that, in order 
successfully to prosecute the studies which belong to 
their profession, it is requisite, that their minds should 
be well habituated to thinking, acute in the detection 
of fallacious reasoning, capable of retaining and ar- 
ranging their ideas, and of conveying the truths, 
which are perceived, into other minds, by clear and 
legitimate argument. 

Now, if we consider the nature of Mathematical 
pursuits, we cannot fail to perceive, how admirably 
they are fitted to discipline the mind, and to give it 
those various qualifications, which are required in 
the prosecution of other studies. While, in such 
sciences as Chemistry and Geology, the information 
we derive, depends less upon the exercise of pur 
intellectual powers, than upon the judicious selection 
and arrangement of experiments, the science of 
Mathematics consists of pure and abstract reasoning; 
starting from the knowledge of a few truths, re- 
specting the laws of motion, and the properties of 
matter, sufiiciently established by experiment and 
observation, it enables us, by a series of legitimate 
inferences, to arrive at the knowledge of other 
truths, so vast in their nature, that we might well 
have imagined them to lie beyond the reach of 
science. 

Though Mathematics may* have been sometimes 
debased by being employed in the discovery of un- 
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important truths^ and in the solution of useless^ 
though curious, problems*; yet^ considering the in- 
sight they have given us into the laws of nature, and 
into the manner, in which the bodies^ which compose 
our system, are mutually affected, we cannot but 
regard them as wonderful evidences of the power of 
the human understanding. That planetary influence 
should in one sense exist, that bodies, separated by 
a distance to us inconceivable, should yet act upon 
each other, and thiat the same power, which gives to 
all substances upon the earth, a tendency to fall 
downwards, should be that». which guides the planets 
in their orbits, are truths well calculated to excite 
our astonishment; but it is still more astonishing, 
that the ingenuity and research of man, should ever 
have been able to discover them. These truths 
have, however, been discovered, and it is one of the 
great objects of the Cambridge system of education^ 
to bring the minds of students into an acquaintance 
with the whole train of reasoning, upon which they 
are established. The advantages of this system are 
manifest. Though the investig-ation of these truths . 
does not, as it might seem, lie beyond the limits of 
our mental faculties, yet, it must still be remembered. 



* These^ I imagine^ are the kind of problems^ which Eubulus 
stigmatizes as being mere puzzles. To this class belongs ^b» 
integration of many differentials and differential equations. Such 
questions , require from the student the same kind of quickness 
and ingenuity, that is required in guessing rebusses and charades, 
and, like them are sometimes amusing from the neatness of 
their answers. 
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it exerts those faculties to the very utmost^ and is 
only to be effected by meaBs of such continued and 
laborious thinking, as is inconceivable to those^ who 
are occupied in the business of the world. It is on 
this Account,' that it becomes so well calculated to 
discipline the mind. If, in the studies of after life 
it is required, that the mind should be well inured to 
thought, powerful in the combination and arrange- 
ment of its ideas^ and skilled in distinguishing be- 
tween specious sophistry, and legitimate argument ; 
who^ I would a^, is so likely to rise to future emi- 
nence, as he, who in e^rly life has made himself 
master of the works of Newton^ and, by repeated 
and laborious thinking, familiarized himself with the 
whole train of reasoning and demonstration^ by which 
the truth of his system is established? The Cam- 
bridge student, who is destined for one of the 
learned professions^ may, perhaps^ when he hatf 
finished his mathematical career^ find that other 
competitors in the same profession^ have applied 
themselves earlier to the requisite studies, and have, 
consequently, got the start of him with respect to 
time; but he will also find, that the habits of study 
and of thought^ which he acquired at the' University^ 
will give him such a decided superiority over others 
of equal talent^ who have not received the same 
mental discipline, that he will soon be able to rival 
and surpass them. Agreeably to this, I think it will 
be found, that the names of many of our best lawyers 
and soundest divines, rank high among the Cam- 
bridge Honors, and, (what is still more to the point)^ 
they are, I believe, seldom or never known to regret 
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the time and labour which they once employed in 
mathematical pursuits. 

' There 18 also another advantage arising from* 
mathematical pursuits. In studying the writings of 
a man of genius, who, though his mind may not 
have been disciplined by severer studies, yet pos- 
sesses m himself' a copiousness of pleasing and in- 
struclive reflections, we are often, while the book is 
before bur eyes; ddighted with the ideas it suggests, 
but no sooner is it closed;* than those ideas are for- 
gotten, and we rise from the perusal of what once 
amused us, no wiser than we were before. Those 
writers, however, who have been habituated' to 
mathematical thiiiking^, and with minds thus strength- 
ened, have entered up6n thcf investigation of othel' 
subjects, are generally found to have the art of 
making their instructions more lastingly impressive. 
Their writings, (if the nature of the subject at all 
admits it,) are mostly characterized, not merely by 
the excellence and justness of each separate idea, but 
also by the obvious connection which exists between 
them, and by the skill, with which they are ai^ranged. 
Hence it is', that, after we have risen from the perusal 
of the writings of such men, we cian easily recal to 
our * mind§ the ideas that were suggested ; and, by 
frequently recalling thetn, familiarize ourselves with 
the whole train of thought^' which it was the intention 
of those vi^ritings to c6nvey. 'The utility of Mathe- 
matiiis, considered in this point of view, to those, who 
at^ intended foi" the law, is matiifest; but they are, 
perhaps, still more iisefuT to those, who are intended 
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for the Church. The great foult of some modern 
discourses, is their want of arrangement ; for^ with 
all their artificial divisions^ it will frequently be founds 
that there is no real connection between their several 
parts. Their authors^ perhaps, have^ by study and 
meditation, acquired an abundant store of religious 
ideas, and can express them in classical and elegant 
language ; each separate sentence^ therefore^ in their 
discourses^ is good^ and^ at the time of delivery, is 
felt by the hearers to be so ; but^ iivhen the discourse 
is finished^ there are few, who can remember the 
series of unconnected^ though important truths, 
which they have just been hearing ; and thus it is^ 
that owing in a great measure to the want of a 
qualification, which the study of Mathematics is well 
calculated to give, the impression, which many a 
preacher produces, is neither so strong nor so lasting, 
as he could wish. 

The utility, then, of mathematical pursuits, when 
considered as a discipline, by which the mind is 
fitted for other and more useful studies, is the prin- 
cipal ground upon which we can justify the great, 
and almost exclusive encouragement, which is given 
to them at Cambridge. That the student should be 
obliged to devote to them so large a portion of that 
time, which might be spent in pursuits, more closely 
connected with his future profession, is, we roust 
confess, an evil ; but, since the study of Mathematics, 
has a tendency to strengthen and improve the think* 
ing powers, we consider the advantage, as more than 
sufficient to counterbalance the evil. 
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If the justness of this view of the subject be 
admitted^ ' there necessarily results the following 
conclusion : viz., that if any one branch of Mathe- 
matics exists, which is not calculated to produce 
these benefits, that branch ought immediately to be 
rejected as a subject of Academical Education. 
Now, I think it will be allowed by all those, who 
are acquainted with mathematical studies, that Ana- 
lytics answer to this description, and that they, who 
devote their attention to this branch of Mathematics, 
will never find the advantages it confers, at all 
answerable to the time that it consumes. 

I. Analytics have not, like Geometry, any ten- 
dency to inure the mind to those habits of thinking, 
which are so useful in the studies of after life. This, 
perhaps, is not strictly true of their first principles ; 
for, when rigorously demonstrated, they are as well 
calculated to improve the mind in reasoning, as the 
proofs of Geometrical propositions ; but, when these 
principles are once established, and certain rules and 
expressions are deduced from them, the application 
of these rules and expressions has no further influ- 
ence in strengthening the powers of the under- 
standing. Dr. Watson, the late Bishop of Landaff^ 
has mentioned in his memoirs, that, during the period 
of his undergraduateship, he was in the habit, while 
walking, of going over in his mind the most intri- 
cate propositions in Euclid and Newton, and that, 
by frequent practice, he was able to accomplish this 
laborious task, without the assistance of. the figures. 
It was, doubtless, this mental exercise, that laid the 
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fiaundation of that strength of mind^ and j^learness of 
reasonings by which he was afterwards so eminently 
distinguished. . Now, I would ask^ does the study of 
Analytics afford the means of such discipline as this? 
Can the Analytical student retrace in his mind his 
former calculations, and^ when pen^ ink, and paper> 
are removed, deduce, by the mere power of his in- 
tellect those conclusions^ which he has once found to 
be the result of his own working? Analytics have 
been well defined to be " the art of reasoning without 
thinking;'* their superiority over Geometry consists 
in this^ that^ by using the symbols they afford, and 
working according to known rules and established 
principles^ we may arrive at the knowledge of truths^ 
to which Geometry alone would nev6r have been 
able to conduct us. But this very circumstance^ 
which. constitutes their excellence in a mathematical 
point of view, renders them unfit for a subject of 
Acaden^ical education. We want to teach the 
students^ who come to the University^ to reason and 
to think) by calling their attention to a subject, 
which requires thought ; but it is the peculiar use 
of Analytics, that they supersede the necessity of 
thinking. 

II. Analytics have not^ like Geometry, any 
tendency to make us better able to arrange and 
combine our ideas. They do, indeed, teach us to 
combine and arrange the Algebraical symbols we 
make use of, but they go no further. It is often the 
case, that when the Analytical student has been 
filling whole sheets with his calculations, and, in his 



PREFACE. IX 

own estimation, has been doing great things^ his 
reasoning powers have all the while remained in- 
active ; and though he may at length have arrived 
at some important conclusion, yet^ during his pro- 
gress^ he has exerted no higher mental faculties, than 
those, which would have been called forth in working 
some of the long and tedious examples to the commoii 
rules of Arithmetic. This will, perhaps, account for 
the fact^ that Aoalytics are so much the favourite 
branch of study with the rising generation of mathe- 
maticians. They know the important conclusions^ 
to which Mathematics lead, and they wish to arrive 
at them themselves ; but still the labour of thinking 
is disagreeably fatiguing, and they, therefore, prefer 
displaying the ingenuity with which they can ma- 
noeuvre the Algebraic symbols, to pursuing a Geome- 
trical demonstration through all its intricate details. 
But, while thus employed, it is manifest, that they 
are not in any way preparing themselves for the 
studies of after life ; the difficulties of the law are not 
to be cleared, the doctrines of religion are not to be 
deduced by an ingenious application of symbols, but 
by frequent and careful meditation upon the ideas, 
which the study of those subjects suggests. 

III. Analytics have not, like Geometry, any 
tendency to give us that power over our ideas, which 
enables us to express them in clear and perspicuous 
language. In this assertion I think I am fully borne 
out by the style, in which the works of some of the 
greatest Analytical writers are composed. The 
writings of Lacroix^ for instance, are doubtless ad* 

b 
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mirable in their way, and eminently usefol to those^ 
who intend to make Mathematics the study of their 
Kf^. The estimation, in which his name is generally 
held, would lead Us to imagine^ that bis works must 
exhibit a most favourable specimen of Analytical 
reasoning'. But were we to appeal to the good 
sense of any one^ who has diligently read the three 
large volumes^ in which Lacroix has developed the 
principles of the Differential and Integral Calculusy 
and to ask him, whether he thought^ that the atten- 
tive sttidy of this work^ would enable any one after- 
wards to reason more justly^ and to express his ideas 
more clearly upon other subjects, I think he would 
immediately and unhesitatingly answer^ No! It 
seems^ in shorty as if a familiar acquaintance with 
Analytical subtleties, had a natural tendency to 
destroy all relish for that plain and straight-forward 
method of reasonings by which alone the truths of 
science can be made accessible to common under- 
standings. And thus it is^ that while English Ma- 
thematicians have been increasing the quantity of 
general knowledge by elementary treatises, con- 
cisely and clearly written^ while, by the judicious 
manner in which they unfold the subject, they gra- 
dually prepare the mind of the student for the 
reception of deeper truths ; the French^ on the con- 
trary> by the mysterious and profound nature of 
those demonstrations^ which they apply even to the 
simplest theorems, seem, as if they laboured to shut 
the avenues of science against those^ who are not 
prepared to devote their whole lives to its pursuit. 
The merit of the English Mathematicians consists 
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ill dieir being able to fkmiliarize the remote; but it i«i 
the fiuilt of the French, that they are too fond of 
estranging the fiimiliar* Now^ sinqe it is in out: 
nature to acquire those habits of thinking, and to 
imitate those modes of expressing our thoughts, 
which we find in the authors, with whose works we 
are most familiar, the study of Analytics must rather 
disqualify, than prepare us, for the duties of any 
future profession. He, who is called to the bar, 
must not only be able to understand the intricacies 
of the law, but he must also be able to adapt his 
explanation of them to the understandings of com- 
mon men ; he who is called to the Church, must set 
forth the doctrines of religion in such a manner, as 
to be understood by those, who know nothing of the 
refinements of learning. That student, therefore, 
who by studying the French Analytical writers, has 
at length acquired their obscure and confused man- 
ner of thinking, and their extreme fondness for 
thope subtleties, which they deem elegant refine- 
ments, will, (if he ever enters the world) enter it 
with a mind that must be re-modelled, with a taste 
that must be corrected, and without a clearness of 
perception that must be acquired, before he can 
ever expect to become eminent, or even useful, in 
his profession. There is, however, isom^thing in 
the plain straight-forward method of Geometrical 
reasoning, peculiarly adapted to prfipare the mind 
for the clear arrangement and expression of its 
thoughts. In composition, before we begin the 
construction of a sentence, we must first, as it were^ 
take a distinct view of the ideas we are going to 
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express, and it is the laboriouis thinking, which 
Geometry requires, that renders this species iX 
mental exertion both habitual and easy. 

The chief diflBculty, which we meet with in the 
acquisition of knowledge^ arises from our natural 
incapability of keeping our attention long fixed upon 
one subject, and of excluding those extraneous ideas, 
which are, from time to time, soliciting our notice. 
This difficulty, however, the study of Geometry is, 
in some degree, calculated to remove. He, who has 
long been in the habit of retracing, in his mind, the 
intricate propositions in Euclid and Newton, will, 
when he enters upon the investigation of other sub* 
jects, be better able, both to obtain for himself, and 
to communicate to others, a clear and distinct view 
of them, however complicated. 

IV. Analytics have not, like Geometry, a ten-^ 
dency to enable us to form a comprehensive view of 
any subject, that may engage our attention. This 
will be more clearly seen, by stating the use and 
nature of these two branches of Mathematics. The 
noblest subject, to which this study can be applied, 
is the construction of the solar system, the descrip- 
tion of the orbits traced out by the planets, and their 
satellites, and the investigation of the laws, by which 
the heavenly bodies attract, and are attracted, by 
each other. Upon this subject, the labours of Ma- 
thematicians have, for many years, been successfully 
employed ; and it is manifest, that a general know* 
ledge of their discoveries, must have a tendency to 
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iwiprove and to enlarge the mind. Of these dis- 
coveries^ Geometry is calculated to give us the bread 
and general outline, and that too, by a series of 
demonstrations^ where the justness and meaning of 
every step, may be distinctly seen ; but, it is the 
province of Analytics^ to carry us into the minuter 
details of mathematical truth ; and, by the aid of 
Algebraic symbols^ to enter into calculations^ so in- 
volved, that the unassisted powers of the under- 
standings could never have worked them out. Geo- 
metry teaches us the nature of those orbits, in which 
the planets would have revolved, had they been 
affected only by the attraction of the Sun ; but, 
since they attract each other, their mutual attractions 
though small in comparison with that of the Sun, 
still causes them, in some degree, to deviate from 
these orbits. Hence it is, that before science 
had reached its present perfection, the agreement^ 
which subsisted between the Newtonian theory, as 
established upon Geometrical principles, atid the 
observations, which Astronomers were then capable 
of makings was a sufficient confirmation of its truth ; 
but, when by later discoveries in the construction of 
instruments, more accurate observations were made 
upon the motions of the planets, exacter values of 
their deviations were obtained, and it thenceforth 
became the object of Mathematicians to show, that 
these exacter values corresponded with theory. It 
was, therefore, necessary to discover the planetary 
deviations, by actual calculation : Geometry was in- 
Bufficient for this purpose, and they had, therefore, 
recourse to Analytics. From this view of the sub- 



XIV PREFACE. 

ject, it nmnifestly follow^, that though a knqwiedge 
of Analytics may be necessary for bim> who inten<J# 
to devote his whole life to Mathematics ; yet, to the 
common student, they must be utterly useless. 
Though a familiar acquaintance with the general 
outlines of mathematical truth may enlarge the mind^ 
yet^ pursuing them into their minuter details, can 
have no tendency to give it any additional enlarge- 
ment. Though the frequent contemplation of the 
construction of the solar system, as far as Geometry 
can explain it, may have such an influence upon the 
mind, as to enable it to form juster and clearer views 
upon other subjects, yet the exercise of calculating 
the various planetary deviations, which arise from 
disturbing forces, and of going through the long 
Algebraical operations which are necessary for that 
purpose, can have no such influence whatever. 

Those, I fear, who are anxious to see the Uni- 
versity of Cambridge, eminent in scientific pursuits, 
will hardly be brought to acquiesce in this view of 
the subject. They will ask, perhaps, shall we, while 
other Universities keep pace with the improvements 
in science, alone remain stationary? Shall we, 
while fresh discoveries are continually making, while 
mathematical truths are receiving new demonstra- 
tions, from a more general and refined Analysis, 
shall we alone adhere with a blind and instinctive 
attachment to the old methods, which, though used 
in the infancy of science, have long since been 
exploded? In answer to such questions, we have 
only to state the purpose, which Universities are 
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intended to serve. This purpose^ it must always be 
remembered^ is not^ that they may enlarge the 
bounds of scientific knowledge ; but^ that they may 
continually yield a supply of men, well qualified to 
fill the various offices, both in Church and State. 
Consequently, the comparative merits of different 
Universities^ are not to be measured by the eminent 
talents, which some few of their distinguished mem-^ 
bers may display, but, by the average quantity of 
mental improvement, which all, who resort to them, 
derive frotn the studies they pursue. Hence it is, 
that, though among the Cambridge Honors, there 
are many to be found of the highest scientific emi- 
nence, yet, in boasting of the excellence of our 
system of education, we should refer with some 
feelings of triumph, to those who have risen in the 
law, and who, in their pleadings, manifest that 
capability of clearly arranging their ideas, which they 
acquired at Cambridge; and we should also refer, 
with feelings of still greater triumph, to those effi- 
cient clergymen, who are dispersed in great numbers 
through the country, and who, having received their 
education here, attribute much of their usefulness, 
as religious instructors, to the mental discipline, 
which they received from mathematical studies. If 
the justness of this view of the subject be admitted, 
* it follows, that we are most effectually promoting the 
glory of our University, when we encourage thos6 
branches of Mathematics, which, though less splendid^ 
are more useful ; which, though less likely to enable 
the student to make further advances in scientific 
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knowledge, are yet better calculated to prepare his 
mind for his future studies and pursuits. 

If the opinions I have been stating on the com- 
parative merits of the Geometrical and Analytical 
branches of Mathematics be correct, it necessarily 
follows^ that Analytics are unfit for a subject of 
Academical education. They, who study them, 
must employ much time and labour in the pursuit, 
without receiving any adequate compensation, un- 
less the pecuniary emoluments, to which their success 
may lead, is considered in that view. They must 
devote a considerable period of the three years they 
spend at Cambridge, to the integration of differen- 
tials, and the solution of differential equations, a 
species of mathematical trifling, in itself perfectly 
unprofitable, since it furnishes the mind with no 
useful ideas, does not bring into exercise the rea- 
soning faculties, and, for the most part, leads to no 
important results. The mind, indeed, is naturally 
unwilling to leave the powerful machinery of Ana- 
lysis, which enables it so easily to arrive at many of 
the most important mathematical results, and again 
to betake itself to the old laborious method of Geo- 
metrical demonstration ; and it is on this account, 
that there seems great reason to fear, that unless 
some effectual barrier be raised against the intro- 
duction of French Mathematics, our University, 
which has long been, and still continues to be, the 
seat of sound learning and religious education, will, 
in time, become a mere school of useless subtleties^ 



and Analytical refinements. Let it, however, be the 
hosat of foreign Universities^ that they excel in such 
refinements^ that they enlarge the bounds of scien- 
tific knowledge, that they enter deeply into all the 
perple^iing miouti^ of Physical and Mathematical 
iovestigaiioQs^ and that, while thus emjiloyed, they 
occasioaally light upon discoveries, which are cvrious 
in themselves, but useless to the majority of mankind ; 

" Excudent alii spirantia mollius sera. 
Credo equidem; vivos ducent de marmore vultus 
Orabunt cauaaa melius^ caskque meatus 
Descfi&eHi radio, et surgentia $%dera dicmU, 
Tu regere imperio populos^ Romane, memento; 
Hae tibi erunt artes^ pacesque imponere morem 
Parcere subJecUs^ el debelkre sup^rbos." 

Bat let us pursue a nobler course ; let it b^ the 
peculiar care of this University, to train the students 
for those important duties^ which they will be i;aUed 
upon to perform in after life. Let us always re- 
member, that while we are engaged in. our peaceful 
literary occupations, questions of great and moment- 
ous iati^rest are continually agitating in the worlds 
Bsad that many, perhaps, of those, who are now 
jp^miing their Academical studies, will, hereafter^ 
from their rank in life, and from the situation they 
jnay fill, sustain an important part in the discussion. 
It isj therefore^ of the utmost consequence^ th^t^r ia 
early life, they should lay the foundation of those right 
iiabUs of ttunkiqgi which will teach thew what part 
4o choose, and how to /suistaiu it. Ip order (hftt thfsy 
joay ft>rin correct views of the ditferent subjeFts> to 
which their attention may, in after life, be dirpcited? 

c 
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it is necessary^ first, that they should have a fuH 
acquaintance with these subjects, in all their bear- 
ings and circumstances ; and then^ that they should 
have minds so disciplined in the habit of patient 
thinking, as to be in no danger of forming hasty 
conclusions; but, on the contrary, capable of deli- 
.berately estimating the comparative values of thoi^ 
various objections and arguments, which are sure to 
be brought forward in the discussion of any doubtful 
and important question. The first qualification can 
only be acquired in their intercourse with the world; 
the latter depends, in a great measure, upon the 
studies of their youth. Let it, therefore, be the care 
of this University, to direct the attention of its stu- 
dents to those subjects, which have a tendency to 
induce' habits of correct reasoning ; and since the 
Geometrical branch of Mathematics does, in a grieat 
degree, possess this tendency, since, by the strictness 
of its proofs, it is calculated to inspire the mind with 
a thorough contempt for the spiecious sophistry, so 
often met with in the world, it ought, surely, to form 
an essential part of Academical Education. 

Again,' while sonie,' abstracted from the busi- 
ness of the world, have sufficient leisure to engage 
in those literary pursuits^ which have no immediate 
bearing upon the wants and necessities of others ; it 
should always be remembered, that the majority of 
mankind consists of those, who are entirely occupied 
in fulfilling the common duties of life, and who, in 
consequence, have neithet time nor talents to ac- 
quaint- themselves fully with that knowledge, upon 
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which their present happiness^ and eternal welfare, 
so mainly depend. It is this, which renders neces- 
sary the establishment of a public ministry ; and the 
furnishing of the world with a. constant supply of 
religious teachers^ is one of the principal objects, for 
which Universities were furnished* Now, since it is 
manifest, that the diffusion of religious knowledge is 
of far. greater importance, than the advancement of 
science, and. since the usefulness and efficiency of 
those,. who are hereafter to become public teachers, 
depend greatly upon the education^ which they here 
receive : it should always, be considered as the pecu- 
liar intention of Academical . studies, to prepare the 
students for their future profession, and to give 
them the rudiments of that knowledge, which they 
are afterwards to communicate to others. In the 
explanation and enforcement of religious truth, that 
clearness of conception, - and habitual justness of 
thought, which the study of. our best Mathematical 
writers is well calculated to produce, cannot but be 
highly useful to every minister; both, because in his 
private studies, it will tend to secure him from those 
errors, into which men of^ warm imaginations and 
weak judgements are ever liable to fall ; . and also^ 
because it will enable him to sel forth the doctrines 
of religion in a manner so plain, as to be understood 
by the humblest of his hearers,: and at the same 
time to establish them, by reasoning so just and 
convincing, as to. satisfy the minds of those, who, 
though devoid, of the refinements of learning, have 
yet shrewdness enough , to detect a weak and falla- 
cious argument. 
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Wbile^ howeTer^ matbematictl studies are calti*- 
vated with this view^ it should always be remembered^ 
that we emfdoy them only as means; that the know-^ 
ledge they lead to, forms but a sabordinate object ; 
and that> consequently, in selecting from them the 
branches to be studied, we should be careful to 
choose, — not those, which enable us to arrive at the 
most important results with tile least trouble, but 
those, which, by the rigorousnest of their proofs^ 
induce habits of correct reasonings and from the 
nature of the difficulties they involre, are best cal* 
culated to exercise and to strengthen the powers of 
the understanding. In short, we should be more 
anxious to make the students good reasoners^ than 
dexterous Analysts. 

m 

Having dweh much longer than I intended upon 
the objections against the study of Analytics, it now 
remains, that I say something upon the intention of 
this little Work. ' It may seem strange, that an attack 
upon this branch of Mathematics, should constitute 
so large a part of the preface to a book, which is 
designed to treat upon that very subject; but the 
truth is, that whatever objections may lie against 
that study, when pursued too far, do not lie against 
its first principles; and the first principles are all 
that I have attempted to establish. 

The first Section ijs upon the application of 
Algebra to Geometry, or ,rather, upon the represen* 
tation of Geometrical figures by numbers. In this 
1 have attempted to prove some truths, which have 
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not generally been thought worthy of a demonsfra-> 
lion. For my own part^ I cannot help snspecttng*^ 
that the sixths seTonth^ and ninth propositions/ have 
hitherto been considered as self-evident ; not because 
they really are so, but because we have been so 
cOMtently in the habit of taking them for granted. 
In this and the following Sections, I have not made 
use of the consideration of velocity, as in floxions> 
nor of limits^ as in most treatises on the Differential 
Calculus, but have endeavoured to give a rigid de« 
monstration of every proposition. The reason why 
Newton introduced his method of prime and ultimate 
ratios into Geometry, is, because most of his Geo«- 
nietrical demonstrations would have been insuffer-r 
ably tedious without it. But in Analytics, this 
objection does not exist ; for when a few prelimi* 
nary principles are laid down^ the remaining truths 
are easily and shortly deduced from thetii. The 
great advantage, however, of discarding the con*:- 
sideration of limits is^ that it renders eterv demon- 
stration, (if not more rigid), at least more satisfactory. 
When the doctrine of Fluxions was first promulgated, 
there existed many individuals of no mean intellectual 
attainments^ who were incapable of understanding 
it; and who, in consequence rejected, as lUogicat, 
the reasoning upon which it was founded'. " The 
controversy, however, called forth Robins and 
Maclaurin^ who showed, in the most satisfactory 
manner^ that the grounds of Fluxions, according to 
the ideas of its great author^ were defensible^ and 
the investigations founded upon the strictest prin* 
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ciples of reasoning*." Now it can hardly be ex- 
pected, that the generality of students should be 
able fully to understand that train of Analytical rea- 
soning, which, when first published, was too subtle 
for the comprehension of such men, as the ingenious 
author of the Analyst and his opponents. Agreeably 
to this^ I think it will be found, that many of those, 
who display astonishing expertness in calculation, 
who can dispatch fluents and fluxional equations 
with inconceivable rapidity, have, at the same time, » 
but very vague and. confused ideas of the principles, 
by which they work. Some imagine, that quantities 
may exist, which are actually indefinitely small ; 
others of superior metaphysical acuteness, consider 
the results they are conducted to, only as a species 
of approximation, not indeed perfectly accurate, but 
sufficiently so, for all the purposes of calculation. 
Since, then, the doctrine of limits is in its very 
nature so liable to be misunderstood, I cannot but 
hope, that the following Treatise will not, be found 
entirely useless. Since my only object in composing 
it, wa«, to explain the reasoning, upon which the 
Differential Calculus is founded, 1 have only added^ 
by way of illustration, a few of the easiest and most 
common-place examples. 

~ ' — ^^^ — ^^"^ ' ■ 11... ; .11, 

* See Vince's Scholium. 



INTRODUCTION. 



ON THE APPLICATION OF ALGEBRA AND ARITH- 
METIC TO GEOMETRY. 

1 H0X70H pure Geometry i^ sufficient to enable us 
to discover the abstract properties of magnitudes^ 
yet in order to apply the knowledge thus obtained to 
practical purposes, we must have recourse to analy*- 
iical calculation* Thus^ for instance, if two sides 
and the included angle of a triangle are given, the 
remaining «ides and angles may be assigned geome*- 
tricaUy, but it would be impossible to calculate their 
actual value without the assistance of Trigonometry. 
Again, the orbits, which bodies describe when acted 
upon by external forces, may in some cases be ascer- 
tained by gjeometrical reasoning, but without the aid 
of the higher branches of Algebra, we could never 
have calculated the distances of the planets, their 
motions, or the forces, which act upon them, from the 
data, with which observation has supplied us. Hence 
arises the necessity of Algebra. In the measure- 
ment of plane rectilinear figures. Trigonometry is 
sufficient, but in investigating the lengths, areas, 
contents and surfaces of curvilinear figures, and in 
calculating the effects of irregular forces upon bodies, 
it is necessary to make use of the differential cal- 
culus. In Analytical calculations, all quantities, 
whether they are linear, plane, or solid figures^ 

A 
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whether they are the forces, which act upon bodies, 
the velocities with which they move, or the times of 
their motion are represented by numbers. 

The numerical representation of lines necessarily 
supposes^ that there is some line, whose length is 
known> and expressed by unity. This line is called 
a linear unit. If a square^ and a cube be described 
upon it^ they are called respectively a plane and a 
solid unit. 

Prop. I. 

If any line be a multiple of a linear unit, it is 
capable of being represented by a whole number. 

Suppose the ^ven line to be divided into a num- 
ber of parts, each equal to a linear unit, and let the 
number of these parts be (a). Then the length of 
the given line : the length of a linear unit :: (a) : 1, 
but the length of the linear unit is said to. equal l ; 
therefore upon the same scale^ the length of the 
given line may be said to equal {a), which is a whole * 

number. 

Prop. 11. 

If a given line be not a multiple of a linear unity 
but has a common measure tdth it, the line may be 
represented by means of a fraction. 

Since the given line^ and the linear unit have 
both a common measure, let them both be divided 
by it^ and let (a) be the number of times, which it is 
contained in the given line, and (6) the number of 
times, which it is contained in the linear unit. Then 
we have 

the given line : the common measure : 

the common measure : linear unit : 

.-. the given line : linear unit :: a : b : 



a 


: 1, 


1 


: K 


a 

b 


■ 1, 
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buit linear unit = 1, .*. the given line = 7, which U 

a fraction. 

Prop. III. 

If there be any lincy which is not a multiple of 
unity y and has no common measure with it, then 
there is no number, whether whole or fractional, by 
which this line can be represented, but an approxi- 
mation may be made to it by decimals, to any re- 
quired degree of exactness. 

The given line cannot be represented by a whole 
number, for if possible let \i^{a), then since the 
^ven line : linear unit :: a : I, and that (a) is a 
multiple of unity^ the given line must be a multiple 
of a linear unit, which is contrary to the supposition. 

Neither can it be represented by a fraction^ for 

if possible let it equal (^) ; let it be divided into 

(u) equal parts^ then 

the whole line : one of these parts :: a : I 

a 1 

Hence each of these parts = 7 , and therefore the 

given line is a multiple of a line, whose length = •^ . 

Again^ let a linear unit be divided into (6) equal 
parts, then 

the linear unit : one of these parts :: b : l 

' ^ ' b\ 

.*. each of the parts, into which the linear unit is 

1 
divided, = 7 ^ and therefore the linear unit is a 





fadtiple of a line^ wfadsie length b ^ , tbait h,. tbe 

line represented by the number {-t^ is a comitnon 

measure of both the given line^ and the linear unit ; 
which is contrary to the supposition. Therefore the 
given line cannot be represented by any number^ 
whether whole or fractional. 

Stilly however^ an approximation may be made by 
decimals to any required degree of exactness. If we 
divide a linear unit into 10 equal parts, and find how 
often one of these parts is contained in the required 
line, the resulting number, with one place of decimals 
marked off, will represent a line, less indeed than 
the required line in lengthy but differing from it only 
by a quantity less than one tenth of a linear unit. 

Again^ if we divide a linear unit into 100 equal 
parts, and find how often one of these parts is con- 
tained in the given line^ the resulting number with 
two places marked off as decimals^ will represent a 
line, which differs from the required line by a quan- 

titv less than the *— th part of a linear unit. And 
•^ 100 ^ 

by dividing a linear unit into a 1000, or 10000 equal 
parts, we may find a number, which will represent it 
to a still greater degree of accuracy ; and as there 
is no limit to the number of parts into which a linear 
unit can be divided^ there can also be no limit to the 
degree of accuracy, with which incommensurable 
lines may be represented by numbers*. 

■ I . ■ Ml -fl.. !■ ■ I I ■■ ■ I. ■■.I I 

* That lines, admitting no common measure, may exist is 
mluiifest. Let the two sides of a right-angled isosceles triangle 
be each equal to a linear unit, then the square of the hypothenuse 

must 
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Prop. IV. 

T%e nunJ^er^ which represents the area of a 
rectangle, is equal to the product of the numbers 
representing its adjacent sides. 

Let ABCD be a rectangle, 

and let the side AB^a, and BC ^^^ ^ 

= 6, then theareaof^BCi>=a4, 

Take BG, BH each = 1, ^ 
draw HEF, GEK parallel to 
BC, and BA respectively, then BHEG is a square* 
whose area «= a plane unit = 1. 

Also area of BHEG : areaof rect. BF :: BG : BC 

:: 1 : 6, 

and area of rect. BF : area of rect. BJD :: CF : CD 

:: BH : BJ 

:: 1 : a; 

/. area of BHEG : area of rect BD :i I : ab, 
but area of BHEG = 1 ; /. area of rect. BD ^^ab. 

Prof. V. 

The number^ which represents the content of a 
solid rectangular parallelepiped is equal to the pro- 
duct of the three numbers, which represent the 
lengths of Us thtee sides. 

Let AEFB be a rectangular parallelopiped, and 

-- ^-- IIWI ■! IIIIIWIB --I ■!■■ ■ -|- - 

must equal 2> now as there is no number^ whether whole or 
fractional^ the square of which equals 2, the h3rpothehu8e cannot 
be accurately represented in numbers. There are also no num- 
bers^ which will represent the circumference and area of a circle^ 
whose radius equal 1^ and indeed the lengths and areas of curves 
and the contents and surfaces of solids can seldom be accurately 
reptesented by numbers. 




let the sides C^, CD, CE, 
which contain the solid angle 
at C, be equal to (a)^ (b), and 
(c) respectively^ then the 
content oi AEF^ahc. 

Take CO, CN, CM each 
equal to a linear unit^ com- 
plete the cube GO, which will equal a solid unit^ pro- 
duce all its sides to the surface of the parallelopiped, 
and let them meet it in the points K, P, Q, M, &c. 
then 

the cube GO : parallelepiped CQ :: rect.GN : rect;. GD 

:: CN : CD 
:: 1 : b 

parallelepiped CQ : parallelepiped X£ :: rect. GM : rect. GE 

:: CJIf : CE 
:: 1 : c 

parallelepiped ££: parallelepiped ilP:: rect. GE : rect. AE 

:: GC : CA 






a 



Therefore compounding th^se proportions^ we have 

the cube GO : parallelepiped : AF :: I : abc, 

but cube G0= 1 ; /. parallelepiped = a i c. 

CoR. 1 . If a = 6 = c, then we have the content 
of a cube whose side is a=a^ 

Prop. VI. 

The numerical value of the content of a cylinder 
is equal to the product of the numbers, which re- 
spectvvdv represent its length, and the area of one 
of its circular ends. 

Let A BCD be one of its circular ends; AC, BD 



two diameters, intersecting* each 
other at right angles at O. Di« 
vide BO into (ft) equal parts 
OG, GFy &c. ; erect the or- 
dinates GK, EL, &c., and 
complete the rectangles GA, 
OK, FK, GL, &c. ; and upon 
each of these rectangles let there be erected rect- 
angular parallelepipeds^ whose length equal the 
length of the cylinder. Let A, 4P*, a, 6, be the 




* This proposition might have been proved more shortly by 
the method of limits. 

Making the same construction as before^ it is manifest^ that, 
when (n) is indefinitely increased, the content, to which the sum 
of the parallelepipeds, erected upon the rectangles OK, GL, FM, 
&c. approximates as its limit, is the quarter of the cylinder, 
standing upon the quadrant BAO. Hence, P is the limit of S'a, 

Again. The area, to which the sum of the rectangles OK, 
GL, FM, &c. approximates as its limit, is the quadrantal area 
BAO; hence, A is the limit of ^S*; and, consequently, ^a is the 
limit of 8*0. 

Since, then, both P and A a are equal to the quantity, to 
-which S'a approximates as its limits, when (n) is indefinitely 
increased, P must=^a; and, therefore, 4P=4-4a, as before. 

The seventh proposition admits a similar demonstration. 
For it is manifest, that the limit of the sum of the rectangles 
bounding the content of the inner prism, is the curved surface of 
.the cylinder, when (n) is indefinitely increased ; hence, P is 
the limit of nca. Also, the circumference A BCD (which= C), 
is the limit of the perimeter of the polygon, which = » c ; and, 
therefore, C a is the limit of nca. Since, therefore, P and C a 
^are each equal to tlie limit, to which nca approximates, when 
(n) is indefinitely increased, P =: C a as before. 

The sixth proposition is also proved, (p. 131.), as a corollary 
,to Prop. 4t4.> and the seventh proposition ~ admits a similar de- 
monstration, as a corollary to Prop. 45. 

From 
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numbers which respectively represent the quadrantal 
area BAO, the content of the cylinder, its lengthy 
and its radius BO. Let S represent the sum of the 
rectangles GA, FK, EL, &c. ; then Sa will repre- 
sent the sum of the parallelepipeds erected upon 
them; and will consequently be greater than P, 
which represents the quarter of the cylinder, standing 
upon the 'quadrant BAO. In the same way it tnay 
be shown, that, if ^S^ represent the sum of the rect- 
angles OK, GL, FM, &c., 8a will be less than P. 
Hence, P lies between Sa and S^a. Consequently, 
if P and ;^^a be une;qual, P -^ A a must be less than 
Sa — S^a. Now, «S — .^ = sum of the rectangles AK, 

KL^ &c.=the rectangle AG = — f^for AO^h, and 

G0=^^^ ; hence, Sa-^S'a^ — . Hence, P^Aa 
n/ n 

ah^ 
is less than — ; and, consequently, (n) is less 

than -p — -J- , which is absurd, for (w) by the 

supposition may be assumed of any magnitude; 
hence, P and Aa, are not unequal ; hence, 4P^AAa, 
or the numerical value of the content of the cylinder 



From the preceding propositions, we may easily find the 
areas of most rectilinear figures. Thus, if {a) be the base of a 
triangle, and (p) the perpendicular upon it from the opposite 

angle^ the area of the triangle = ^ . For if a rectangle be 

placed upon this base, having its altitude = {p), and, conse- 
quently> lying between the same parallels with the triangle, its 
area is double that of the triangle, (by Prop. 41. Euclid.); con- 
sequently, jtwice the area of the triangle ^ ap; and, therefore, 

the area of the triangle = -~ . 



equals the product of the numerical values of its 
length and of the area of its circular end. 

Cor. 1, The same demonstration would have 
applied^ if ABCD, instead of being a circle, had 
been an area of any other form, whether rectilinear 
or curvilinear. Hence the numerical value of the 
content of a prism, having two of its opposite sides 
equal and parallel, and the remaining sides rect- 
angles, is equal to the product of the numbers which 
represent its length and the area of one of its ends. 

Prop. VIL 

If (a), P, C, numerically express the length, the 
curved surface , and the circumference of the circular 
end of a cylinder respectively^ then we have the 
equation P = Ca. 

Let ABCD represent the cir- 
cular end of the cylinder, in it de- 
scribean equilateral polygon ABCD, 
of (n) sides, where (w) is a number 
in the series 4, 8, l6; &c., and 
about it another equilateral polygon 
of the same number of sides, by dmwing lines through 
the points A, J3, C, D. Upon each of these polygons 
suppose a rectangular prism to be erected, whose 
length = (a), the length of the cylinder. Let c and 
c' numerically express the value of a side of the in- 
scribed and circumscribed polygon respectively, then 
each of the rectangles bounding the content of the 
outer prism willsc'a, and their sum wiU = 9tc^a, and 
the sum pf the rectangles bounding the content of 
the inner prism will =nca. 

Now it is manifest, that the curved surface of the 

B 
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cylinder is less than the sum of the former rectangle§; 
and greater than the sum of the latter^ hence P lien 
between nda and nea. Again^ C manifestly lies 
betWe^f) nt' and nc, and^ th^refore^ Ca lies between 
n^'a, and nea^ and since P and Ca lie both between 
f^da and nca, the difference between P and Ca, (if 
they are unequal) must be less than the difference 
between nc'a and nca. htt, if possible, P be 
greater than Ca, then P— Ca is less thaft ncfa^nea. 



but nc'a : «ca :: * c' 


c 


:: EA : 


AW 


:: rad : 


cos Eil W 


:: 1 : 


cos iiOlf or c< 


h^ncf^r^r'n^ '*''* 


=c «cfl , sec --^ ; 


ticnce nc a ^ 

w 

cos -^ 

n 






.'. n(^« — nca = nca . f sec ^ — 1 } ; * 

.". P— Ca is leds than wca . ( sec -^ — M , 

but Ca is greater than nca, and tan -^ is greater 
than (sec — l) ; hence a fortiori, 

P^^Ca is less than Ca • tan - ; 

. n 

IT . , P-Ca 

/. tan ^ 18 greater than 



^t^^^tjtt^i^t 



and consequently, if % be an arc^ whose tangent 
P'-Ca 



n 



.\ - is greater than », 



or n is less than -* . 



But it is manifest, that (n) may be assumed equal to 
some numbj^r in the series 4^ 8^ l6, &c.^ which is 



TT 



greater than - , which is absurd. Tbereforie P \% 

not greater than Ca, and in the same manner it 
may be shown not to be less ; 

# 

.-. P = Ca. 

Cor. 1. The «ame thin^ might have been 
pro?ed in ^ similar manner^ if the periphery pf the 
end bi^d been of an elliptic^ or of any otber form. 



Prop. VIII. 

If two straight lines be drawn at right angles to 
ewh other, and if the perpendicular distance of a 
given point from each of them, and the divections in 
which those distances are to be measured, be givmp 
the position of the point may be found. 

Let AOy OB be the given 
straight lines, take OC = the 
given perpendicular distance of 
the required j point from OB, 
measuring it in the required di- 
rection, take OD = perpendicu- 
lar distance of the point from ^6, measuring it in 
the proper direction; complete the rectangle OP, 
then P is manifestly the required point. 
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Cor. 1. If in any curve, the relation between 
the two perpendicular distances of any point in it is 
such, that when one of these distances is known^ the 
other may be found, and the direction in which it 
must be drawn ascertained ; then the curve can be 
traced. 

Def. 1. The lines AO, OB indefinitely pro- 
duced are called axes. 

2. The lines OC, OD are called co-ordinates to 
the point D. 

3. The point O, where the axes meet^ is called 
the first point. 

4. If MP be any curve referred to the axes, 
j40, OB and PD be drawn perpendicular to OB, 
PD and DO are sometimes termed the ordinate and 
abscissa to the point P respectively. 

5. When the co-ordinate OC along the axis 
OA is measured upwards from O.^ it is said to be 
positive^ and is therefore represented by a positive 
number ; and the same is also true^ when the co- 
ordinate OD along the axis OB is measured to the 
right of O. 

6. An algebraic curve is one, where the re- 
lation between the two co-ordinates is represented 
by an equation. The ordinates and abscissas of 
algebraic curves are generally represented by the 
letters (y) and (x) respectively, and the equation 
between x and y is called the equation to the curve 

Prop. IX. 

In amy algebraic curve^if two quantities, (X) and 
(- Y) (the latter being negative)^ being substituted 
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zn its equation for (x) afid (y) respectroefy, wiU 
satisfy the conditions of the equation, the curve 
admits of an ordinate corresponding to {X), which is 
equal to (Y), hut measured downwards from the 
first point. 

Let PQ be a curve, 
referred to the axes AO, 
OB; OiV, On the co-ordi- 
nates to point P, and equal 
to (x) and (y) respectively. 
Let ON'^X, then if On' 
be measured downwards 
from O, and made=- Y; 
On' is an ordinate to the 
curve^ and completing the rectangle OP", P' is a 
point in the curve. 

Take O, a point in AO beneath O, so that OO 
is greater than K; through O draw OB parallel 
to OB. Now the curve may be referred either to 
the axes AO^ OB, or to the axes AO, OR. Take 
On, OMy co-ordinates to the point P upon the 
latter .supposition ; then OM=i ON ^ x, let also 
On^y\ and OO^a. 

It is manifest^ that while the curve lies above 
OB, the relation between y and y is determined by 
the equation 

Now the nature of the curve, when referred to axes 
AO, OB is determined by an equation between (y) 
and (x), and if we substitute (y'— a) for (y) in this 
equation, there will result another equation, which 
expresses the relation between (y') and (x), which 
equation will hold good, when the curve lies above 
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OB, but since the curve PP^ is an algebraic curv^, 
its nature is expressed throughout by the same equa-. 
tlon, hence the equation between y and x, will also 
hold good^ when the curve lies below OB. 

Now in the two equations between y and a:, and 
between y and x, make x^ ON'==X. Then, if in 
the resulting equation between y and X, we sub- 
stitute {- Y) for (y), the terms of the equation are 
satisfied^ or, in other words, (- K) is a root of the 
equation ; but since the equation between y and X 
is derived from that between y and X by substi- 
tuting (y — a) for (y), the roots of this last equation 
must exceed the roots of the other by the quantity (a) , 
therefore one root will be ( - Y+ a), which root, 
since (a) is greater than K, is positive, but less than 
(a), and because this quantity, when substituted for 
(y) in equation between y and X, answers the con- 
ditions of it, it is therefore the co-ordinate with X, 
take therefore Om = X, and O'n' ^a- Y, and com- 
pleting the rectangle CjP, P' is a point in the curve, 
whose co-ordinates, when it is referred to the axes 
O'A, OB are Om, On\ Again, since On'^a- Y 
and 0O== a, we have Ow'= K, that is, On' taken 
equal to Y, and measured downwards, is an ordinate 
corresponding to abscissa ON' = X. 

In the same manner it might have been shown, 
that, if Y and ( - X), (the latter being negative), 
when substituted for y and x respectively in the 
equation to the curve, fulfil its conditions, then a 
line measured along the horizontal axis to the left of 
the first point, and made = JiL, is an abscissa to the 
curve. 

In a similar way it may also be shown^ that if two 
negative quantities, {--X) and ( - F) when sub- 
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stftated for x and y in the equation to a curve^ an- 
swer its conditions, then two straight lines, one « X; 
and measured along the horizontal axis to the left of 
the first pointy and the other =:K, and measured 
downward from the first point along the perpendicular 
axis^ will be co-ordinates to a point in the curve. 

Cor. 1 . Hence if the equation to any curve be 
such, that {y) can be generally found in terms of {x), 
the curve may be traced^ or its form ascertained. 
For assuming {x) of all positive values, we may find 
all the corresponding values of {y)^ and measuring 
the positive values of {y) above the horizontal axis^ 
and the negative below^ the form of that part of the 
curve which lies to the right of iht perpendicular 
axis is traced. In the same manner assuming (x) of 
all possible negative values^ that form of the remaining 
part of the curve may be known. 

Prop. X. 

Having given the nature and properties of a 
curve, to find its equation. 

Ex. 1. Let the curve be a 
circle^ whose radius is {a), and 
the co-ordinates to whose centre 
are (a) and (/3). Let DEF be 
the given circle. AOy OB the 
axes^ take any point P in the 
circle, take also OU, Or, ON, On co-ordinates to 
the centre C, and the point P respectively ; 

then OR^a, Ot^fi, ON^x, OM^y, 

and Pn manifestly =y — j3, and Cn^x- a, 

but Pn^ + Cn^=CP^, 

or (y--^r+(x-.ar=a«, 

which is the general equation to the circle. 




\ 
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Cor. 1. If we suppose (3=^0, and a=0^ or the 
circle be referred to two diameters of its own as 
axes^ we have 

Cor. 2. If we suppose ^3=0^ but a^a, or refer 
the circle to two axes^ one of which is a diameter 
FC, and the other a straight line drawn from the 
point F perpendicular to it, we have 

Ex. 2. Let the curve be a 
parabola . Let P O be a parabola, 
whose focus is 8, referred to two 
axes, one of which is its diameter, 
and the other a perpendicular 
drawn to it from its vertex. 

Produce BO to m ; make mO=^ OS, and through 
(w) draw mM parallel to OA; join PS, and from 
P draw PM perpendicular to mAf, then by the 
nature of the parabola, 

SP^PM, 
now let PN^jf, NO = x, OS^a; 

then SP' = SN' + PN' ^{x^ a)' +y\ 

whence {x - df +,y^ = (^ + «)% or y* = 4ax, 

Ex. 3. Let the curve be an hyperbola. Let the 
hyperbola be referred to its major and minor axes 
produced^ as axes. Let the major axis = 2a, the 
minora 26, and distance between the foci = 2c^ then 
calling z' and z the distances of any point from the 
outer and inner force respectively, we have 
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s^—z = 2a, 
6' = c* - «-. 
Whf nee eliminating c, z and i^, \fe have 

y =^ . (a;'— a»), or y = ± - ^j?*-a' 



SECT. I 



If two variable quantities so depend upon each 
other, that when one of them is given, the other 
must have some determinate value, the two quantities 
are said to be functions of each other. 

Thus if {x) and (y) be two variable quantities, 
so dependent upon each other, that when {x) is as- 
sumed of any particular value, there are some corre- 
sponding values, which (y) must assume, in conse^ 
quence of the relation subsisting between it and (x), 
then {y) and {x) are said to be functions of each 
other. 

If^ in any proposition or problem, one quantity is 
considered as a function of another, the latter quan- 
tity is sometimes by distinction termed the root of 
the former. 

The relation between a function and its root, 
may sometimes be expressed by an equation, which 
gives the value of the function in terms of the root. 

Thus, let y = ± ,^2ax^3^t 
or y ^ {a-Vx) (b—x). 



M 



or y = ax"" + bx* — c. 

In these equations, if we suppose the quantities 
(a), (J), (c), (m), (n), &c. to be constant, it is mani- 
fest, that if we substitute any quantity for (x), (y) 
must assume some particular values, in order that th^ 
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equation may be satisfied. Hence^ (y) is a function 
of (x) according to the definition ; and since {t/) can 
be expressed in terms of (x), it is called an e:splicit 
function of {x). 

Sometimes the relation between a function and 
its root is expressed by such equations as these 

y ±iia?^ + j^ = 0, 

y'+ (a +a?) y + {b+cx + kx'^) ip +gx^jf -h ^^ = ; 

where, as before, to every value of {x), it is manifest, 
that there must be some corresponding values of {y)y 
and {y) consequently is a function of {x) ; but, as {y) 
ts not known in terms oi{x)i it is termed an implicit 
function of {x). 

Sometimes the relation between a function and 
its root cannot be expressed by any equation, the 
number of whose terms are finite. Thus, if 

y = sinj7, 
or ^ = sin~^j:, 
or y = :r + « tan J7, 

fl + A.r — sin a: 

or y = T -' > 

^ « - oj? -h sin X 

ov y ^ log X, 



I e\t* «i- T^ n^ 



or y = a^ ; 

it is still manifest, that every value of {oc) has some 
value or values of [y) corresponding to it, and that 
consequently, (y\ is still a function of (:r); but, 
since, if the quantities sin a?, sin"*'j?, &c. are devel- 
oped in terms of (^), the number of those terms will 
be infinite, there is no algebraical equation, which 
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can represent the relation between (x) and (y), and 
tbey are therefore termed trantscendeiital functions 
of each other. 

Def. a series is said to converge, when every 
term in it is less in magnitude than the term before it. 

Def. a series is said to diverge, when every 
term of it is greater in magnitude than the preceding 
term. 

Thus the series 

2 3 5- 

is said to converge^ becauise^ though in the language 
of Algebra^ "" o ^® greater than — - , yet in mag- 

nitude^ the third term is less than the second, and 
the same is true of all the remaining terms. 



Prop. XL 

If any quantity (X), whose value depends upon 
another variable quantity (x) can he represented by 
such a series as 

A + Bx + Cx' + DxH&c. 

any term in this series unay be made greater than 
the sum of all the terms that follow. 

Let {K) be the value^ which X assume^/ wbea 
(/c) is substituted for (^x), then 

lir=^+BA+C*' + l>A3 + &c. 

Now, since Jr=:^-f a? (i?+Cj?+Z)j?' + &c.) 

it i& manifest, that if for all the intermediate values 
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olf X between (A:) and (o), the value of X remainiir 
finite^ the series 

must also remain finite^ and consequently some con- 
stant quantity may be found, which will be greater 
than any value it assumes, while (x) diminishes from 
(Ar) to (o). Let G be this constant quantity^ 

then G is greater than B + Cx-hDaf^+Scc. 

or Gx than x{B+Cx + Dx"" + &c.) 

But if (x) be assumed = to or less than -77, Gx will 

Or 

be equal to, or less than A ; and since A is either 
equal to or greater than Gx, and Gx greater than 
the sum of the terms^ which follow (2^)^ A must be 
greater than the sum of all the remaining terms of 
the series^ that is, by making (x) less than either of 

A 

the quantities {k) or -^, the sum of all the terms in 

the series, except the first is rendered less than the 
first. 

In the same manner it might have been shown^ 
that by taking (x) sufficiently small^ the series 

Cx + Dx' + Faf"^ &c. 

would have been rendered less than {B), and con- 
sequently 

Cx" + Da^ + Fx^ -h &c. 

the remaining part of the series would then become 
less than the term Bx. 

CoR. Hence it appears, that any series, repre- 
senting the value of a finite quantity, of the form 

Jx + Bx^ + Cx' + Dx" 4- &c. 



may, by diminishing (x), be rendered less than any 
assignable quantity. 

In this proposition^ we have introduced the limi- 
tation^ that the series shall represent some variable 
function^ which remains finite^ while the quantity {x), 
upon which it depends^ diminishes from a finite 
quantity to nothing, because it is not true of all 
series of the form 

A+Bx + Caf-^Da?+&c. 

that by diminishing (x\ the value of any term may 
be rendered greater than the sum of all the terms 
that follow. Thus in the series 

1 + j?+ 1 . 2*.ar* + 1.2*. 3^0^ + 1 .2*.3'.4*. x^ + &c. 

it is manifest, that however we may diminish {x)j the 
coefficients increase so fast, that after a certain num- 
ber of terms, the series must at length diverge. 
This series^ however^ if continued to infinity^ cannot 
represent the value of any finite quantity. In the 
following part of this treatise, we shall, whenever we 
speak of series, only mean those, which represent 
some function of the variable quantity involved^ and 
to which^ therefore^ the preceding proposition wilt 
apply. 

Prop. XII. 

If there be two aeries 

A + Bx + Cx' + Dx^ + ^c. 

A' + B'x -h Cx* + DV + ^c. 

which are always equal to each other, whatever be 
the value of (x)^ then the co^cients of the same 
power of (x) in each series are equal. 

If possible, let A be greater than A\ then sub- 
tracting the under series from the upper^ there 

results 

(^-^) +(B-50 x+(C- C) a7^ + &c. 



23 

which series must always be equal to nothing, what- 
ever be the value of (x), now (x) may be made so 
small, that the first term (A --A) becomes greater 
than the sum of all the rest^ and in that case the series 

[A-A) + {B^B)x-v{C--C')x+&c. 

will be equal to some positive quantity^ which is 
absurd ; hence, A is not greater than A', and ill the 
same manner it may be proved not to be less^ there- 
fore ^=^'. 

Again, since A^A the remaining part of the 
first series 

Bx + Cx^ + Dx^ + &c. 
is equal to th6 remaining part of the second series^ 

jB'* + Car* + Ufs^. 
And dividing by {x), the series 

5 + Ca^ + Da?* + &c. 
is equal to the series 

B + Cx + DV + &c. 

Hence, as before, B = B\ 

In the same manner it might have been proved, 
that C= C\ and D^Df, and so on for the remaining 
coefficients of the series. 

Prop. XIII. 

If there be three series, 

A +Bx +Cx^ +px' +^c. (1). 

A + B'x + CV + D'x^ + ^c. (2). 

A" + B"x + C"x* -f DV + ^c. (3). 
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involving the positive integer powers of the same 
unknown quantity ; and if the first be greater than 
the secondy and the second greater than the third^ 
then A! is either equal to one of the quantities A and 
A", or else it lies between them. 

Since first series is greater than the second, we 
have, by subtraction, 

equal to some positive quantity. Now, if A^ be 
greater than ^, (x) may be assumed so small, that 
[A' — A) is greater than the sum of the remaining 
terms in the series. In that case, therefore, the 
series 

A--A + (B-^B)x + {C-C)x' + &c. 

must be negative, which is contrary to the supposi^ 
tion; hence, A is not greater than A, and in the 
same manner it may be shown, that A' is not greater 
than A ; tlierefore A must either lie between A and 
A\ or else be equal to one of them. 

Cor. 1 . Hence, if -^ = A'^ A also equals A 
and A\ For A is not greater than A, and not less 
than A\ 

Cor. 2. The proposition would have held good> 
if we had supposed all the terms except the first, 
either in the first or third series, to have vanished. 
Thus, if a function of {x) represented by the series 

A + Bx + Cx^ + &c. 

lies between the constant quantity {A')^ and the 
series 

A + Bx + Cx^ + &c. 
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then A lies between A' and A'\ or else equals one of 
the quantities^ and if ^ <=: A'\ ^also equals A^ and A\ 

Cor. 3. Any series of the form 

± A + Bx + Cx" + &c. 

may by diminishing (x), be made to have the same 
algebraic sign^ that the first term has. 

CoR. 4. If A + Bx + Cx^ + &Q. always = O, 
whatever be the value of x, then 

J = o, JB = o, C = o. 

Def. If the root of a function increases by any 
given quantity^ the function itself has a correspond- 
ing increase or decrease, which is called its incre- 
ment or decrement, and represented by affixing the 
Greek letter A. 

Thus if ipx represents any function of x, and x 
increases by A, the corresponding increment of<f)x is 
represented by A . (a?) ; 

or (p{x + h) - (f> (x) = A^ (a:). 

The value of A(f>(x) depends both upon x and A, 
and if h be given^ it depends upon x only^ or is a 
function of x, and, therefore^ if (x) be again supposed 
to increase by {h), A . 0i? may either increase or de- 
crease^ and its increment we call the second differ- 
ence of the original function, and represent by 
A.{A<p{x) }, or A* . ^ (:r) ; and thus 

A . {x+h) - A ^ (x) = A\ ^ {x). 

In the same manner, we have 

A^0(a; + A) - A\^{x) = A^0j?, 

and A^^(x+A)- A'0(a?) = AX^?); 

D 
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and generally, 

A"-'.0 (x+A) - A"- '. (a;) = A"0ar, 
where n is any whole number whatever. 

Prop. XIV. 
To prove that 
A"0x= 0(x+nh)-n.^{x + (n-l)h} 

. n . fn — 1) . , , . , , 
+ -f-^.<l>{x+{n-2)h}-8sc. 

where the coefficients are the same as those in the 
expansion o/" ( 1 — x)°. 

For A.(j>lx)=^(p{x + h)-<p(x) ; 

substituting (x + h) for {x)j we have 

A.<p{x+h)=:(l){x + 2h)-^(x+h); 

hence, A .<p (x + h) — A(p{x), or A* (x) 

= (j? + 2A) - 2^ (a: + A) + (;r). 

From which we see that the formula holds good for 
A^^{x). Now suppose the formula to hold good for 
A"~^0(x); then 

+ in^^)(n-^) ^^[^+^^^S)h}^&c. 
and substituting {x + h) for (x), we have 

1*2 
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And by subtraction, we find that 

A»-'0(x + A)-A»-'0(ar), or A»0(j;) 
= ^(x+nh)—n.^ {x+ (n- l)h] 

From this we see^ that if the formula holds good, as 
far as A"~*0 (jt), it will also hold good in the next 
succeeding difference A" . (x), but it doQs hold 
good^ as fkr as A^0 {x), it must^ therefore, hold good 
as far as A^^(x)^ and holding good for A'0(^), it 
will also hold good for A^0 {x), and thus by suc- 
cessive inferences^ we find it must be generally true. 

Prop. XV. 
To prove, that ifnbe any integer y 

<^(x+nh)=0x + n.A0(x)+^^4^-=^ 

where the coefficients are the same as in the expan- 
sion {I +xy. 

For 0(a?+A) = 0(j?) + A0(x) (4)- 

writing (x+h) for (x), we have 

(f>(x+2h)^<l>{x+h) + A(l>{x+h) {B). 

subtracting equation (A) from equation (B), we have 

0(x + 2A) — 0(x + A) 
=.0 (x+h) - {x) + A0 (x+h) - A0 (j?) 
= A0(a?) + A'0(j?) (C) 

adding (C) to (4), we have 

<^X^+2h)-^{x)+2A.ft>{x) + A^<p{x). 
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Hence, this formula holds good as fiir as (x+2A). 
Now, suppose that it holds good as far as 

^{x+(n-l)h], then 
0{x + (n-l)A}=0(a!) + (n-l)A0(x) 
^ (n-l)(n-2) ^,^^^^^^^ (D). 

then writing {x+h) for (a?), we have 

0(x+wA) = 0(x+A) + (n- 1) A0(ar+A) 

+ ^^^^^^A»0(a: + A)+&c. (E). 



Subtracting (D) from (^), 

0(a?+wA) -0 {d? + (w — l) A} 

+ 






= A0j: + (w - l)A®0(a?) 

Adding together (F) and (D), 

<p{x+nh)=<f>x+nA^{x)'\ — ~— -^.A*.0(x) + &c. 

1. • ^ 

From this we see^ that if the formula holds good as 
far as ^ {x + (n— 1) A}^ it will also hold good as far 
as ^{x+nh). Suppose n = 3y then we have seen 
that it holds good as far as {j? + (n— 1)A}, or 
{x+2h) ; consequently it will hold good as far as 

<l>{x-\-nh) or ^{x+3h). 

In the same manner^ making w = 4, we may show. 
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that it holds good as far as ^{x + 4 h)^ and thus, by 
successive inferences^ we may prove it generally true. 



Prop. XVI. 

If (l>(x) be any Junction of (x) J and if (x) in- 
creases hy (h), then the corresponding increment of 
(x) may he expressed by a series^ invobnng the 
integer powers of (h), connected with co^cients, 
which are Junctions of(x). 

For by the preceding proposition^ if we suppose 
(x) to increase by (A:), and (n) to be any integer, we 
have 

<l> {x '^nk)=^(f>x+n . A0 (x) 
+ ^^ ^ \ A\(f>{x)+ ^ ^^^^ '-■.A'<f>(x)+&c. 

where arranging the different terms according to the 
power of (n), we find 

<f>{x+nk)==(f>{x) 

f A^/ N A«.d)(a:) . A\<t>(x) „ ) 



+ 



^«{^:i^..^) + &c.} 



+ n^ 



{ ^ _ &c.| 
I 1.2.3 ) 



+ &c. 

= (l)x+nS+n^S'+n'S"+&c. 

Where we assume S, S^, 5", &c. to be equal to the 



30 
coefficients of (w), (n^), (n^), &c. respectively ; now 

h 

let nh=ih, then n = 7^ , and 

Now, since A.ip{x), A^(p (x), &c. are the successive 
increiKients of <f> (x), taken upon the supposition of 
{x) increasing by (k), the values of S, 8'^ S", .&c. 
are independent of (h). Again, the values of 

^ , p , ^ , &c. 

must be independent of the value of (n) or (A:), or, 
in other words, they must remain the same, whatever 
submultiple {k) is assumed of (h), otherwise by 
changing the value of (n), we should find different 
series, which would represent the same quantity 
(pix-^h); consequently, the coefficients of the dif* 
ferent powers of {h) being independent of both (h) 
and {k)y are functions of (x) only ; hence, assume 
them = P, Q, and R, &c. respectively, and we have 

(x + A) =(}>X'\-Ph+ Qh' + Rh' + &c. 

Though this proposition is generally true, yet there 
may be particular cases, where it fails. Since 
P, Q, iJ, &c. are functions of (x), it may sometimes 
happen, that one of these quantities becomes infi- 
nite, when (x) assumes a particular value, and con- 
sequently, the expression for <p{x + h) will then 
become inapplicable. 

Cor. 1 . Hence, (p{x + h)-(p (x), 

or A.<l>{x) = Ph + Qh' + Rk' + &c. 
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Def. The coefficient of the first power of the 
increment of (x) in the series expressing the valua 
of A.<f>{x) is called the differential coefficient of 0(1*)^ 
and may be represented by prefixing the letter^ 
thus, since 

P is the differential coefficient of ^ {x), and being 
itself a function of (a?), is represented byj*.<j){x). 

Def. Since /. (f> (x) is a function of {x), it is 
manifest, that, like other functions, it has a differ- 
ential coefficient of its own ; this differential coeffi- 
cient is termed the second differential coefficient of 
the original function, and may be represented by 
y.y. 0(a?), orf*(f>{x). In the same manner the 
differential coefficient of y^.0 (a?) is called the third 
differential coefficient of ^ (x) and is represented by 
jr<l> (x). Thus every function of (x) may admit of 
a first, second, third, &c nth differential co- 
efficient, which coefficients are represented respect-* 
ively by 

f.<l>(x), f'^{x), f<p{x)....f<t>{x). 
According to this notation, we have 

^ (a;+A) = 0x +/. (a;)A+ QA*+&c., 
or A.0(a?)=/. 0(x)A+QA*+&c. 
or representing ^{x) by (u), 

A (u) =fu . h+ QA*+&c. 
Again, /.0(a;+A)-/.0(x), 

or A ./. {«) =/*0 («) h + Qh' + &c., 
or A./(«)=/*.(m).A+Q'A'+&c. 
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and f*.4»ix+h)-f.<l>{x), 
or A.f\<l> (x) -/' <p{x)h+ Qf'h* + &c., 
or A .p (u) =/'. («) A + Q"A*+ &c. 
And, in general, 

or A Z*- \ (j?) =/». (i?) A+ Q^'V + &c., 

or A ./«"" (w) =/« (m) A+ a"h^+&c. 

Def. The differential of a function is the first 
differential coefficient of that function, multiplied 
into some constant quantity^ which we assume for the 
differential of its root. 

The differential of a function is genehdly re- 
presented by prefixing the letter (d), thus, if (p (x) 
represents a function of {x)^ then the constant quan- 
tity^ which we assume for the differential of {x), is 
represented by (dx)^ while d.(]>(x) represents the 
differential of (x), and by the definition 

d.(l>(x) ==/*. (j?) . dx, 
and u = (l>{x) ; then dussj'{u) . dx. 

Cor. Hence, /. <^ {x), or f(u) = -^^^ = ^, 
and (l>{x + h)=(l>{x) + ^^^^.h+Qh^+&c. 
and A . (^ {x), or A (u) = ^^^^ . h+ Qh'+&c. 

or ^A-|-QA* + &c. 
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Prop. XVII. 

In the series, which expresses the value of the 
{fi)lh difference of <f> (x), the first term is the incrc" 
ment qf{x) raised to the {n)th powett having for its 
coefficient the nth differential coefficient qf<p{x), or 

Suppose this form to hold good as far as the 
(n— l)th difference, then 

for X write {x + A), 

+ &c- ; 
hence, A"-\0(^+A)- A"-'0(i?), 

or A'*0(a?)=r/"0(x)A'' + G'A"+' + &c. 

Here we observe, that if this be true for any number 
{n-^l), it is also true for the next superior number 
(w) ; but it is true by the definition, when (n— 1) = 1, 
it is therefore true for n^2, and being true when 
n— 1 =2, it is also true for n = 3, and thus^ by sue* 
cessive inferences, we shall find it to be true for all 
superior numbers. 
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Prop. XVI II. 
To prove generalh/, that 

0(x + li)?=^x + f^(x)h 

We have seen, (Prop. l6,) that 

<f>{x + h) = <f>x+Ph + Qh*+Rh^ + &c. 

wh.„/. = i{^^(x)-^)+^)H.*.,}, 

where A0(a?), A*0(a?), &c. represent the first, 
second, &c. differences respectively of (x), when 
(/r) is the increment of (x), and some submultiple of 
h ; then, expanding, we have 

P^f.<l){x)+G.k+&c. (Prop. 17.) 

1 • ^ 

Where, since the value of P remains the same, 
whatever submultiple (A:) is of (h), all the terms 
in the series involving (A:), must destroy each other; 
hence. 

p=/0(^). 
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Again, by expanding the terms of the series, which 
= Q, we have 

Q =-^^M + G'k+ &c. (by Prop. 17) 

where^ as in the former case^ all the terms^ except 
the first, must be destroyed; hence^ 

^~ 1.2 • 

In the same manner it may be proved, that 

1.2.3 

Hence, substituting these values for P, Q, and R, 
we have 

{x+h)=ipx+fip {x) h 

Where the law, by which the different terms of the 
series is ascertained, is manifest 

Cor. 1. If we represent ^{x) by (w), and 
suppose {u') to be the value, which (u) acquires, 
when {x) has increased by (A), we have 

«'»M+/(M). A +/•(«) .^+f{u)j^ + &C. 

Cor. 2. (p (x) = <l> {0) +f . (f> {o} . X 
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{ where (o), /. (o), jT . (o), Ac. 

represent the values^ which (op) and its differential 
cpefficients assume, when x=0}^ for 

re 

0(x + A) = 0x4/(a:>.0&+/*0(j?) j-^+ &c.; 

where making x^Oy and writing (a^) for (h), we 
have 



a:' 



whence it appears^ that^ if the values which a func- 
tion of X, and aU its differential coefficients assume^ 
when {x) is made si 0^ be either finite ors=:0^ the 
function may be represented in a series involvings 
the different integer positive powers of (x). This 
condition, however^ is not fulfilled in such function® 
of (x) as 

af , — , log Xj ^lax-x^y cotan a?, 

x> 

and these functions, therefore, cannot be represented 
by a series involving the positive integer powers of 
{x)y while^ on the other hand^ such functions as 

may be represented by such a series. 

CoR. 3. If^ in the expansion of 0(d?+A), there 
be any value of [x)y which rendera^ one of the differ- 
ential coefficients infinitely great, at that point this 
theorem will fail. Thus, if we suppose 
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then /. (a?) = 2 Jp + 



(by Prop. 30. Section 2.), where, if we make x^a, 
f<p (x) becomes infinite, and therefore the theorem 
fails; and if we substitute (a + A) for {x), in the ex- 
pression for (x)^ we find 

where, expanding* ^2a- A, and multiplying the 

series by (A*), we find, that the series for (a + A) 
admits some fractional powers of (A). 

CoR. 4. Hence, if a general method of finding 
the differential coefficients of functions were known, 
all functions might, by this series, be developed. 

As this last proposition is of general use and ap- 
plication, its importance makes it worthy of another 
demonstration. Of all the various proofs, which 
have been employed to establish its truth, the 
following is one of the most common, and though 
long, is, perhaps, the easiest to understand. 

Assume, what has been already proved, that 
0(jP + A) = ^a: + PA+QA2 + iJA^ + &c. 

where i^=/0(a?)> and Q, /?, &c. 

are functions of xy and may therefore be represented 
by ^'(•^)> 0"(^)^ ^^' respectively ; 

then 0(x + A) 
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for h write h-^k, then 

+/0 (a;) A: + 20'(«)^A+30"(x)A:A*+ &c. 
+ 0' (jc) ft* + 3 ^"x ft* A + &c. 

+ &C. 

Again, in the series for0(x+A), substitute (*+ A) 
for (x) ; then 

<f>{x-\-k+h) 

[ + ac^ 

= <^(x+Ar)+/0(x+A:).A+f (a;+A)A' + ^".(ar+*)A* 
= ^x +/0 (x) Ar + 0'(x) k^ + &c, 

+/.5^(x) AtT^ (^) **+ 'S'. A*A +&C. 
+ 0' (x) A» + f<t>'{x)kh? ^Sieh^ + Ac. 
+ ^"(a?) h? +/0" (x) & A3 + 5"A* A' + &c. 

Now, in the former series, if we collect the terms, 
that involve only the first power of {k), we shall find 
them to be 

hence, in the former series, the coefficient of {k) 
will be 

/0 {x) + 2 (i>\x) A + 3 0"j(a?) K" + &c. {A). 

In the latter series, wc shall, by collecting the terms 
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that involve only the first power of (Ar), find the 
coefficient of [k) to be 

Now, since <jf(x+h+k) always ^(l>{x+k+h), the 
two series expressing them must always be equals 
whatever be the value (Ar) ; hence, the coefficients of 
the corresponding powers of (A:) in those series must 
be equal ; therefore the series {A) must be equal to 
the series (fi), and this too, whatever be the value 
of (h) ; hence, in the two series {A) and {B) the 
coefficients of the corresponding powers of (h) must 
be equal, land equating the coefficients, we have 

3,^"(.)=/^'(.)=/./!l^=^; 

^ ^ ^ 1.2.3 

And substituting these values, we have 

<l>(x+h)==<j>(x)-\-f<t>{x)h 

^ 1 .2 ^ 1.2.3 

Prop. XIX. 

In the development of the series for ^ (x + h), if 
any differential coefficient becomes constant, or in- 
dependent of (x)i all the succeeding differential 
coefficients vanish. 

Lety"0 (x) be that differential coefficient, which 
first becomes constant, then since 
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+/'+'.0(x)A+/-^'0(j?):^ + &c. 

and f'.(p(x+h)=f*.<p(x), 

because the value of /". <p (x) is, by the supposition, 
independent of the value of (x), we have the series 

/•+ • (X) . h +/-; *. <^ W 1^ + &c. 

■ 

always = o, whatever be the value of {h) ; hence, 

/-+^0(x) = 6, and/-+*0(x)=O; 

and so on for all the other diiferential coefficients. 
Cor. 1 . Hence, in this case, 

<pix+h)=ip{x)+f^{x)h 
+ />^.A*+ /"»(->-./.», 

1.2 1.2.3...W 

and, therefore, the value of (x + h) can be ex- 
pressed in a finite number of terms. 

Prop. XX. 

If two quantities be functions of each other, the 
differential coefficient of the first, considered as a 
function of the second, is equal to the reciprocal of 
the differential co^cient of the second, considered 
as a function of the first. 

Let (x) and (y) be the two quantities ; and let 
then /. <b (x) = - ,>, . . 
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Let (h) and (k) be the corresponding increments 
of (x) and (y), then 

.-. A=/.0(:r)A+/Xa;).^+ &c. 
In the same way it appears, that 

Hence, sabstituting this value of (A) in expression for 
(At), we have, 

+/*-0(*){/-^'(j')}'-i^ + &<•• ; 

wherefore f. ^ (x) xf^'itf) — l ; 
••• /• («) = TUT 



Cor. 1. Hence, any differential equation, which 
involves (x) and (y)^ and the first differential coeffi- 
cient of {y) considered as a function of (x), may be 
transformed into a differential equation, involving 
{x) and (y), and the first differential coefficient of {x) 
considered as a function of (y), by substituting 

Cob. 2. Hence, /. (x) x/* ^' (y) 

F 
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and, therefore. 



_ -r0(^) . 

Cor. 3. Hence any differential equation, which 
involves (x) and (y)^ and the first and second differ- 
ential coefficients of {tf) considered as a function of 
(x)^ may be transformed into an equation^ involving 
(x) and (y), and the first and second differential 
coefficients of (a?), considered as a function of (y), 
by substituting 

Prop. XXL 

If there be three qtuzntities, functions of each 
other, the differential coefficient of the Jlrst, con- 
sidered as a function of the thirds is equal to the 
differential coeffficient of the first, considered as a 
function of the second, multiplied by the differential 
coefficient of the second^ considered as a function of 
the third. 

Let (x), {y), (s) be three quantities, {h), {k), (Z) 
their corresponding increments respectively ; let 

j^ = ^ (^) = \j> (»), and let^ = >//^'(2f). 
Then h:^f.<t>{y) . k+ f^ {y) ^ + &c. (A), 
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and A =/. x/. («) J + p. ,/, («) -—^ + &c. (fl), 

and k=f.^' (z) I +p. x/.' (2) — + &c. ( C). 

Whence^ substituting the value of.(Ar) as expressed 
in series (C) for (A:) in series (-^), we have 

Hence^ making the coefficient of (l) in this series 
equal to the coefficient of (l) in series (J3), we have 

/•0(j')x/V''(«)=/>K«). 
C0R.I. Hence. /^ (y) =-^1^ . 

Prop. XXII. 

The differential coefficient of the sum of any 
number of functions is equal to the sum of thexr 
differemticA co^cients. 

Let <l> (x), <J>'{x), <j>"{x), be any functions of (x); 
and let ■^ {x) be equal to their sum, then 

>/. (x) = (x) + <!>' (x) + <p" (x) ; 
.-. yff {x+ h)=^ {x+h) + ^'{x+h)+<f>" (x+h) 

=<l>{x)+<p'{x)+<l>''(x) 

but i\r{x-\-h)=i'^ {x) +/»// (») h-^&c. ; 
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whence^ equating; coefficients, we have 

f.>lr(x)=f.<l>{x)+f<l>'(x)+f<f>''(x). 

The same proof would have applied, whatever had 
been the number of functions, (x)^ <p' (x), &c. 

Cor. 1. Hence the differential of the sum of 
any number of functions is equal to the sum of their 
differentials ; for since 

/. + W = ^,/.*(x) = !?|^, 

we have 

d.f(x) d.<b(x) , d.d>'(x) , dd>"(x) 
dx dx dx dx * 

.'. rf.>//(j?)=d.0(.2?) + d.0'(j?)4-d.0"(^), 

and if each of these functions had been represented 
by (s), (t), ('^^ respectively, we should have had 

d {8+t+v)=^ds+dt+dv, 

where it is manifest, that the same will be true, 
whatever be the number of quantities, (s), (t)y (v), 
&c. 

Cor. 2. If any of the quantities, (s), (<), (77); 
&c. had been negative, the corresponding differential 
would have been negative also. 

Prop. XXI IL 

If two functions bear to each other an invariable 
ratio, all their corresponding differential coefficients 
are to each other in the same invariable ratio. 
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Let <t>{x) and 0'(x) be two fuoctions of (x), and 
let 

<l>{x) : (f>{x) :: 1 : a, 

whatever be the value of (x) ; 

then <f>'{x)^a.^ (x), 

and 0'(x+A)=a.</>(a? + A) 

^a(f>{x) •ha.f.(f>{x)h 

A* 
+ a./^0(x)-jj-^+&c. 

where^ expanding 0'(^ + A)^ and in the two series 
equating the coefficients of the corresponding 
powers of (h), we shall have 

and so on for all the other differential coefficients. 
Cor. 1 . Hence, d.(f>{x)^ad.(p (x)y 

and d ,ax = adx. and rf.- = — : 

a a 

and d . {a+bx) = fida?, and d{a- bx) = — bdx. 

Cor. 2. Hence. d>lx+h)==(bx + -±^.h 

^ ^ ^ dx 

' ^ da? • 1 . 2 ^ da? ■1.2.3^®*^" 

for -^ =f<f> (x), and .-. d ./. <p (x) 

_ , y'rf^xx _ d.d.0(a;) _ d'0(a;). . 
~ V djc y ~ dx " dx ' 
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{dx) being considered as a constant quantity ; and 
hence, 

and, therefore, f^ {x) = ^ ; ; 

and the same may be proved of all the other differ- 
ential coefficients. 

Cor. 3. If (f>{x) and <p{x + h) be represented 
respectively by (u) and {u'), then 

, du , d^u h^ d?.u h^ « 



Prop. XXIV. 

If two functions have the same differential coeffi- 
cient^ their difference is constant. 

Let {x) and ((>' {x) two functions of {x) have the 
same differential coefficientyig^ {x), then 

and .^'(a? + A)=«^'(x)+/.^(x)A+/Xa;) -^+ &c. 
therefore, by subtraction. 

That is, the difference* between the functions ^ (x) 
and 0' (j?) is not altered by increasing the value of (a?) 
by {h), and, therefore, this difference remains con- 
stant. 
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Prop. XXV. 

If the difference between two functions is constant, 
they have the same differential coefficient. 

Let 0(a?) and 0'(a?) be the two functions of {x), 
and let 

<p' (x) — (t) = a constant quantity = A. 
then <p'(a!)=A+<l>{x); 

= ^ + 0a?+/</)(a7).A+/*0(j^)-^+&c. 

= ^'(a:) +f<t>{x)h+r<p{x) ~ + &c. 

where /.0(a?) being the coefficient of (A) in the 
series for ^'{x + h) is also the differential coefficient 
of (pf{x\ or/. (:c) =/0' (a?). 

Cor. 1. Hence, all the other differential coeffi- 
cients of these two functions are equal. ' 

Cor. 2. Hence^ in taking the differential coeffi- 
cient of a function, the constant part, which is con- 
nected with the variable part only, by addition or 
subtraction, goes out. 

Cor. 3. Since the diff^erential of a function is 
equal to its differential coefficient multiplied into a 
constant quantity, which we assume for the differ- 
ential of its root, it follows, that in differentiating a 
function, the constant part connected with the vari- 
able only, by subtraction or addition, goes out. 

CoR. 4. Hence, d . (x + a) = dx, 

^nd d.{cf>{x) + a]^f.(f>{x)dx. 
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Prop. XXVI. 

tf the sum of two functions be a constant quan- 
tity, theit differential coefficients are the same in 
magnitude, bui different in their algebraic sign. 

Let <j> (x) and (f>' (x) be two fanctions of (x), 
and let <f> {x) + <p' (x) = A, then substituting (x+h) 
for (x), we have 

J=<f>{x+h)+<p'(x+h) 
=<f>x+fip {x)h+f*ip{x) . ^ + &c. 

h* 

+ <p'x +f<l> (x) h +p.<t> {x) + &c. 

= ^ + (/. JT +/. 0'x) . A 

Hence^ the series 

must always = 0, whatever be the value of (A), and 
therefore, (Prop. 13. Gor. 4.). 

and/^0(^)+rf (x)=0, or f<i>{x)^ -/'<l>'(x). 
The same will be true of all the other coefficients. 
Cor. 1. Since 0' (a) = ^ - (a?), we havei 
d{A'-<f>{x)}=^ -f<f> {x) . dx, and if {x) = j?, 

d (a -^ a:) = - dx. 
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Prop. XXVII. 

If there be two functions, the differential coeffi- 

ident of their product is equal to the differential co^- 

dent of the first function^ multiplied into the second 

function^ together with the differential coefficient of 

the second function, multiplied into the first function. 

Let {x) and tfi{x) be two functions of {x), and 
let y\f {x) be that function of [x), which is equal to 
their product, then. 

Writing {x -f h) for {x\ we have 

= {0(^)+/0(i?).A+&c}.{0'^+/0'(^),A + &c.} 
= <i>{x)4\x)+ { <t>\x) f(l>(x) + <t^(x).f<f>\x) } A + &c, 

but >/. {x+h) = >/. {x) +/. >/. (J?) A +/^ ^Z' W T^ + &c. 

Equating the coefficients of the corresponding powers 
of (A), we have 



CoR. 1. Hence, 



dx 



_ (l>'(x)xd<p{x) ^{x)xd^'x 
dx dx ' 

and ••. d .yff {x)=^(f>' (x) X d . (f) (x) + ^ (x) X d . ^* (x). 

G 
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Cor. 2. ^0(1*), and (p' (x) be represented by 
(s) and (t) respectively, we have 

d.{8t) = tds + 8dt. 

Cor. 3. From this we may find the differential 
of the product of any number of quantities, which 
are functions of the same quantity (x). Thus, in 
the above expression, write (tv) for (t), then 

d . (stv) = tvds + s . d . (tv), 

but rf.(<v) = (by Cor. 2.) vdt + tdv; 

.'. d .{8tv) = tvd8+8vdt + stdv. 

Again, for (v) write vw, 

then d.{stvw)=^tvwds + 8vwdt+8td. (vw), 

but d.{vv)) = wdv+vdw; 

.*. d. {8tvw)=^tvwd8 + svwdt + 8twdv+8tvdw. 

From whence it appears^ that the differential of the 
product of any number of functions is equal to the 
sum of the products, which arise from multiplying' 
the differential of each function into the product of 

all the other functions. 

* 

Def. a function is said to be at its maximum 
value, when its value is diminished^ either by in- 
creasing or diminishing its root by a small quantity. 

Thus, if <b (x) be any function of (a?), and (A) a 
small quantity representing the increment of (x), 
then, if there be any value of (a?), such that (p {x+ h) 
and 0(a: — A) are both less than 0(a?), (p{x) is a 
maximum. 

Def. a function is said to be at its minimum 
value, when its value is increased either by increasing 
or diminishing the root by a small quantity. 
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Hius if (.r + h) and (x - A) be both greater 
than (j> (x), <p (x) is a minioium. 

If we suppose (x) = the sine of an arc^ whose 
versed sine is (or), then while (x) increases from O to 1 , 
<p(x) also increases from to 1, and while (j:) in- 
creases from 1 to 2, (a?) decreases from 1 to ; 
here then (j> {x) is at its maximum value^ when x^l^ 
for it appears^ that if we suppose (x) to be either 
greater or less than unity, (p {x) is in each case less 
than unity. 

A function may have more than one maximum or 
minimum value. Suppose 

0(^) = (a?— a) (x — b) (x-^c) (a?— d) {x-e), 

where (a), (6), (c), (d), (e), are taken in order, be- 
ginning with the greatest ; now it is manifest^ that if 
(a) or (6) be substituted for (a?), the value of (f) (x) 
becomes (o); and if a quantity lying between (a) 
and (b) be substituted, the value of ^ (a?) is negative; 
hence it is manifest, that there must be some quan- 
tity lying between (a) and (b), which, if substituted 
for (x), will give ^ {x) a greater negative value than 
any other quantity lying between (a) and (b); let 
this quantity be (a), then (j) (a) is a minimum. 

Again, if (b) or (c) be substituted for {x)i ^(x) 
becomes = 0, and if a quantity lying between (b) and 
(c) he substituted for (x), <t> (x) is positive ; hence, as 
before, there is manifestly a quantity lying between 
(6) and (c), which, substituted for (x), will give a 
maximum positive result; let this quantity be (j3)^ 
then (p (j3) is a maximum. 

In the same manner it may be shewn, that there 
is a quantity (7) lying between (c) and (d) such, that 
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(7) is a minimum, and {8) lying between (d) and 
(e) such, that (2) is a maximum. 

From this then it. appears^ that (0j?) has two 
maximum and two minimum values. 

Since (a) is the least value, which {x) can 
assume^ while (.z) lies between (a) and (i)^ if (A) be 
so small^ that both (a+h) and (a— A) lie between 
(a) and (6), then (a) is less than either (a + A) or 
(a - A), if, however, (A) be assumed so great, that 
this condition is not fulfilled^ then it does not neces- 
sarily follow, that (a) is less than either (a + A) or 
(a — A), but still (a) is a minimum, according to 
the definition. 

The same remark may be extended to the other 
maxima and minima values, and from it, it appears^ 
that it is sufficient to constitute (x) a maximum, or 
minimum, if (A) can be assumed so small, that 
(a? + A) or (^ — A) are both greater or both less 
than (a?) ♦. 

Prop. XXVIII. 

When a Junction is at one of its maxima or 
minima valties, its differential coefficient is equal to 
nothing. 



* It may be necessary to observe, that of two negative quan- 
tities, the one which is less in magnitude, is termed the greater. 
Thus, if (a) be less than (b), ( — «) is said to be greater than 
(—6); thus also (0) is said to be greater than ( — 1)^ ( — 1) than 
(— 2), and so on. The reason is manifest. If we were to say, 
for instance, that (— 1) is less than (—2), then adding (3) to each 
side, we should have (3— I), or 2 less than (3—2) or 1. In 
order to prevent similar inconsistencies from being introduced 
by the application of the common rules of addition and subtrac- ^ 
tion, where their absurdity would not be so easily detected, 
negative quantities are, in the language of Algebra> said to be 
less in value, when they are greater in magnitude. 
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Let <f> (x) represent any function of (x) ; 

then (p (x+ h)=i(l> {x) +/<!> {x) h +/*0 (x) . + &c., 

and <l>{x)=:<p{x)f 

and i>{x-h)^(l>{x)^f<l>{x)h+f<l>{x)^-&c. 

Now ify. (p (x) be a finite positive quantity, then, in 
the series 

f.^{x)h+f'(p{x)^+&c. 

(h) may be made so small, that the first term will be 
greater than the sum of all the following terms^ and 
in that case, the value of the whole series is positive ; 
and, therefore, <f>{x+h) must be greater than (f> (x). 

Again, in the series 

2 



^f^(x)h+r4>{x):^^&c. 



(h) may be so diminished, that the sum of the series 
will be altogether negative ; and, therefore, (p{x^h) 
must be less than (f> (a:), that is, if f(f> (x) be a 
positive finite quantity, {x) is less than ^ (a? + h), 
and greater than (j? - A) ; and, therefore, it is not 
a maximum or minimum. 

In the same manner it may be shewn, that, if 
/0 (x) be a negative finite quantity, (x) is neither a 
maximum nor a minimum. (J> (x), therefore, can 
only be a maximum or minimum, wheny^ (x) =0. 

Cor. 1. If the first differential coefiicient 
vanishes, the function will be a maximum, when the 
second differential coefficient is negative, and a 
minimum, when it is positive. 
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For, in that case, since /. tfy (x) = 0> we have' 

and 

0(x-A) = 0(x) +/*0(^) ^-/'^(x) j-|^+&c. 

Now if /*. (a?) be negative^ (h) may be made so 
small, that the sum of the two series^ 

will be both negative^ and in that case (^+A) and 
(a; - A) will be both less than ^ {x), and^ therefore, 
0(a?) will be a maximum. In the same manner it 
might have been shown, that if f*(f>{x) had been 
positive, <l> (x) would have been a minimum. 

Cor. 2. If both the first and second differential 
coefficients had vanished, the function would have 
been neither a maximum nor a minimum. For in 
that case^ we should have had 

A' 

<^ (a? + A) = 4^ (^) +/^ (j?) yt^T;^ 

and ^(^-A)=0(a?)-/'0Wr:l73 
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in which series it is manifest, that (A) may be so 
diminished, that the two quantities (f>{x+h) and 
<l>{x-h) will be one greater, and one less than (a?) ; 
and, consequently, (p {x) is neither a maximum nor a 
minimum. 

Cor. 3. If the number of differential coefficients^ 
which vanish, beginning with the first, be odd, the 
function will be either a maximum or a minimum, 
according as the succeeding differential coefficient be 
negative or positive. 

Suppose/^ ix),r<l> {x),f<p {X) /*-^'.0(x) 

to become each equal to nothing, then we have 

« 

Mn + S 

rv -r J rv i-rj vv / 1 .2.3...(2n + 2) 

+r'"*-^0(j;). 7 r + &c. 

TV Tf^ ''•1.2.3 (2n+3) ^ 

and ^(a:-A) = 0(a.)+/«'-.</>(x)^-^^^— ^^^^ 

-/--^</>(^) ,.,.3....(2n+3) +^- 

Now in these series, {h) may be so diminished, that 
the second term shall be greater than the sum of all 
the succeeding terms ; in that case, if/*"+^. {x) be 
a negative quantity, both (j>(x-\'h) and (x - A) will 
be less than ^ {x), and, therefore, <]> (x) will be a 
maximum, and if /2«+« ^ ^^^ ^.^j been positive, 
ip (x) would have been a minimum. 

Cob. 4. If the number of differential coeffici- 
ents, which vanish, beginning with the first^ be even, 
the function is neither a maximum nor a minimum. 

Suppose ff ix)J\ <t> {i€)J\ (X) r\ {xl 

to become each equal to nothing, then we have 
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ASn + l 

+.r-*'.»W ,,,.3*"\',„^,) +&... and 

and in these series it appears, that, if we diminish (h) 
so as to make the second term greater than the sum 
of all the succeeding terms^ one of the two quantities 
<p{x+ h), and ip{x — h) will be greater, and one less 
than {x), and, therefore, (x) will be neither a 
maximum nor a minimum. 



Prop. XXIX. 

If<^ (x) and (j) (x) be two functions of (x), tchtch 
both vanish when x=a, then the value, tthich the 

fraction ^, . assumes, when (x) is made = a, is 

H ' (a) 
f0'.(a)- 

0'(^)+/0'(^)A+/'0'(^).:^ + &c/ 
Now, making a; = a, we have, since ^ (a) = O, and 
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/0 («) +/V («) • ra + ^'=- 



/0'(a)+/^0'(«)^ + &c. 



and making (A) = o^ we have 

0(q) _ /.0(a) 

- Cor. 1. 'If, when a?ssa, 0(*), ^'{x) .f<p{x) and 
/d^' (a?) all vanish^ the value^ which the fraction ^,A 

assumes when ix) is made = a, is no\}, { . 

/^ («) 

Cor. 2. If, when x = a, 

(1?), /. (X), /«0 (^) /'. {x), 

become each equal to nothing, and al^ 

<P'ix),f. <f>\x),f*<t>{x) ./"• <t>' (x), 

become each equal to nothing, then the valiie of the 

fraction 2LLJ. when a? = a, becomes ' ^„^/^,; { » 
<p'{x) P^'<p{a) 

For nearly the same demonstration will apply. 



H 



SECT. II. 



ON THE DIFFERENTIATION OF ALGEBRAIC 

FUNCTIONS. 



Prop. XXX. 

If an algebraic quantity he raised to any power, 
its differential is found by multiplying it by its index, 
diminishing its index by unity ^ and multiplying by 
the differential of its root. 

Case 1. Let the root be a simple algebraic 
quantity (x) ; and let (n) be the power to which it 
is raised ; then 

d.x^^nx'^^^dx. 

Let u:=a^, 

then w' = (j?+A)"=j?"+wa?«-iA 

1.2 

u * / . du , d^u A* . „ 

but u =:u + -:r-.h + -r-^r . h &c. 

dx du* 1 . 3 

Where, equating the coefficients of (A), we have 

du , , , - 

— = na?'*""% or du^naf^^^dx. 
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This proof, since the binomial theorem has 
been generally proved^ will hold good^ whether (n) 
be positive or negative^ integer or fractional*. 



* The following demonstration of the binomial theorem^ 
when the index is fractional or n^ative^ will, I hope, appear 
satisfactorj. 



m /m \ 



ffi „ 
Assume X = 1 -f -* a: -| r—^ jr*+&c. 

ft 1 • z 



!:i,(!2_i) 

then X'=(l + (^j?+ " "g «*+&c.)J" 

TO /m \- 

= »+"{«* + TT— *+**=•] 

, n.(«— 1) fm n ^B z . . I* 

+ &C 

where -^, B, C are the coefficients of (x), (x^), («'), &c. which 
would have been found by actual multiplication and expansion. 
Now it is manifest, that the form of each of these coefficients is 
independent of the numerical values of (jn) and (n), and will, 

therefore, remain the «une, whedier Q) be an integer or 
fraction. First, let the numerical values of (m) and (n) be such, 
that (^'^ y is a whole number, then, by the first part of the bino- 
mial theorem, 

X ^{l+xf ; 
and, consequently, X " = (1 +*)"* = 1 +m x 



a 
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£x. I. Hence, 

d.(a«+a:') = <««*, (by Prop. 25.) 

= 2xdx (by this Prop.) 

Ex. 3. d.(a + Ax*) =d.bx* (by Prop. 25.) 

= 6d.j?* (by Prop. 33.) 
= 6x 4j[Pdx=s4hji?dx. 






Hence^ in this case, Azsun, B= — i ^ » 

»^^^ = TT^Ti 

And, since this is true, when (2 ^ ig a whole number, it will 
also be true when («) is a fraction; therefore it is generally 



true, that 



X- = 1 ^mx H ; ^ 4?*+&c. 

1 • X 



and, therefixre, X" = (!+«)"; 

... X = (1+*)% 



or (1+x)' = !+-«+ j-^ «»+&& 

The same form will hold true, if the index be negative. 

Let (—A:) be the index, and let (m) and (n) be two numbers, 
such, that »— m = k, orm-^n =: -^ k; 

then 
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Ex.3. d.(^^ =d.ax'^ = ax —l 



o J adx 

X XX ax = — 



X' 



'X*-a» 



Ex... ..(— )„,.(._!) 



=-"(-?) = 



2a*dx 



— * »— w 



(l+^r l+mj?+&c. 



where A, B, C, &c. are the coefficients^ whose value would have 
been found by- actual division. Now the form of these coeffi- 
cients is independent of the values of (m) and (n), and will^ there- 
fore> remain the same^ whether (m) be greater than (n), or (n) 
than (m). Now^ if (m) had been greater than (n), (m - n) would 
have been positive, and^ consequently^ we should have had 

l+««+&c. (l + ar)» ^ "*" ^ 



(m— n)(m— » — 1 ) ^^ 
1.2 



ar* + &c. 



The same form will^ therefore, be true^ when (n) is greater than 
(m) ; hence we have, f writing —A: for (w— n)], 

1 • z 

which form will hold good^ whether (k) is a whole number or a 
fraction. 
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Ex. 5. d.s/ 3c=^d.x^ =^ .a^'^dx 

1 _ . J dx 

= -^ 47 ^dx = 



2 2jx' 

Ex. 6. tf.-T- = :: X - X jj^-^xrfi? = -t . 

2 2 7 ^T 

Ex. 7. d.|a + 6v^5^+ca?' + -? 

= { 7=r + 3ci?* =[ dx. 

Ex. 8. d. t-^j ^d . xy^^ =y^^ dx '\- xdy^ 

__ dx xdy 

^ydx-xdy 

— Q • 

Ex.9. d.x^y^:=z2i^xdx-\-3x'^y^dy. 

Case 2. Suppose the root to be a binomial 
[a + hof)^ one of whose terms (a) is a constant quan- 
tity, and let (n) be the power to which it is raised^ 
then 

d {a^-hx^'Y-n. {a+baTY"^ xrhx^'r^dx. 
Let u = {a.+ hsfY, and y = a + hx" ; 

then u^y^^ and -^^-t^ = ny'"'^=:n.(a+bafY-^ ; 

ay 

also -r-. -: rfcx'**'. 
dx 



63 

Here then, there are three quantities, u, y, and x, 
du 
and ~, the differential coefficient of (u) considered 

as a function of (y), is equal to n.(a+6x')"~', and 

dy ■ . ■ 

^ the differential coefficient of (y) considered as a 

function of (x), is rbaf-', and, therefore, — the 

ax 

differential coefficient of (u) considered as a function 

of (ar) is, (by Prop. 21.) 

= n{a + bxy-'xrbaf-\ 
and, therefore, 

du=n.(a + biir)"-'xrbar-^dx. 
Ex. 1. d.{a + xy = 5:.(a+xy.dx. 

Ex.2, d . y/a' - x' =rf,(a«_x«)* 
= l.(a'-x')-ix-2xdx= -^'^^ 



s/a^ — x^ ' 



Ex.4, d.xy/a'^+x' 

== dx../^F+^+x.d.^^F+^ 



= dx .\/a^+x^ + 
Wa'+x') 



a?dx 



s/a'+xi' 
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Ex.5. d.x^a'^—x* = dx{ , . \. 
Ex. 6. d . >/a*+j^ X ^h* - x» 



v^oN^ ^ ^ 'VF^^ 









V«*+^ 



Ex.7. d(V-^0 



=d.(a*+a!*)*X(a*-x')-* 

= (a*-a;*)-».d.(a* + a?')i+(a» + a;*)ixd.(a'-x*)-* 



+ 



2a*xdx 



I 

Case 3. Next the root be a multinomial of the 
form 

a+bx^'+cx' + Ac. 

where (r), (s), &c. are either positive, or negative^ 
integer or fractional numbers^ and let (n) be the 
power to which this multinomial is raised^ then 



6S 

rf.(a+6«'+c«'+&c.)" 

For, assuming u=:{a+b3f+cx'+ &c.)", 

^ndy=a+bar-^caf+&c. 
We may prove, as before, that 

(rbar-'+scx*'' + &c.).dx. 

Ex. 1 . d. >^2ax—a? 

1 , 
= - . (3ax- x«)-i, (aa ~ 2x) dx 

_. (a'-x)dx ; 

Ex. 2. d.(3ax-x)i 

= 5 . (2a«-a?*)i. (2a-2jc)dx 



= 3 y3a j: - X*. (« - x) dar. 
X. 3. d. V a+C/y/x+Ax^x 

= i.(«+<jx»4-M)-*x(-L. +i^)dx 



I 



Ex.4. d.Xy/TasT^ 

= dx^2ax'-'X^+x.di^2ax-x^ 

^ aXkAj 2aX'^x H > . = 

A^2aX'^x 

^^ (2ax-x'^+ax-x^'k 
1 s/2ax-x'' i 

(3aX'-2x^)dx 
" s/2ax^x' • 

By the assiBtance of this proposition, the differentials 
of all algebraic quantities may be found. Thus 

Ex. !• d.\/a'+x/fl'-x^=d.Va*+y, 

(if VS^.^) = -^., 

but S^^j^ =s 



Ex. a. d.(g^+^/J:^-a')«dJ:'>{gJ?+ .^ K 

(See Cor. 3. Prop. 18.) 

The differentiation of algebraic quantities is 
useful in finding their maxima and minima values. 

Ex. 1 . To divide a line . into two parts^ such 
that the rectangle contained by the two parts is a 
maximum. 
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Let (a) = the length of the line. 

(x) = one part, 
ftnd (a-x) vrill^ therefore, equal the other. 

ihen a? . (a - x) or ax-x* =i (by Prop. 4-) the areit 
of the rectan^e. 

,- Let u^ax—x^; 
.•. T— = a - 2x, and ^-^^ « — 2. 

Hence^ when (a - 2 x) = o, or a? =s» - , zr^'' =s o, and 

^— 2 is negative ; and .'• (by Prop- 28^ the area of 

the rectfingle ia a maximum. 

Ex. 2. To divide a straight line into two parts, 
so that the sum of the squares of those parts is a 
minimum. 

Let (fi) be the given line, (a:) atnd (a— x) the two 
fNirts, then the sum of the squares of those parts is 
«' — 2aa:4-2J5*. 

Let u = a* — 2ax+2x*; 

du 



dx 



= - 2a-f 4x, 



Hencc^ when (-aa+4x)=s0, or 4? »= -, -v-- « O, 

2 CL X 

and -t-j ifi positive; and /. (by Prop. 28.) thd sum of 

the squares of the two parts {x) and (a— x) is a 
minimum. 
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Ex.3. If 0(dp)=:af-pi^-"*-f 5faf»-*-&c: the 
roots of the limiting equation 

when substituted for (x) in the expression for ^(x), 
will make {x) either a maximum or a minimum. 

Since 0(x)=a:*-pa*""* + 5rjB*'"*— Ac. 

and fM^ or/«0(x) = n.(n-l)x-' 

- (n-1) (n- 2) pa?* •"*+&€. 

where the equation/*0(j?)so is the limiting equa- 
tion to /0(x)sO. 

Let (a)y (/3), (7), &c. be the roots of the equation 
fff} (x) ss o^ then if (a) be substituted for (x) in the 
expressions for (p (x), f<f> (x) and /*0 (a:), /(^ (a) =? O, 
and, therefore, (a) will be a maximum or a minimum 
according as /^0 (a) is a negative or positive quan- 
tity. 

The same may be proved of all the other quan- 
tities (/3), (7), &c. 

Cor. 1. If the roots of the equation 0(x)s(j^ 
De all possible, then the roots of the successive limit- 
mg equations, f^ (x)a;0> /^. (x) =0, &c. will also 
be all posMUe. Now, if (a ), (/3'), (7'), Ac. be the 
roots of the equation f^<p{x) — 0, and (a), (/3), (7), 
&c. the roots of the equation /0 (x) = 0^ taken in 
order, beginning with the greatest^ then the order of 
these quantities beginning with the greatest will be 

(«), («'), (/3), in (7), (V), Ac. 
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consequently^ if (a) be substituted for (x), p ^ (a) will 
be positive^ and^ therefore^ ^ (a) a minimum. If (/3) 
had been substituted for (^)^y^0(i3) would have 
been negative ; and, therefore, (/3) a maximum. 
The same may be proved of the remaining roots. 

Cor. 2. If two roots of the equationy^ (a?) = O, 
be equal (a?) is neither a maximum nor a minimum. 
For if the equation /^ (x) =? 0, has two roots each = a, 
the equation /^0(x) rr o^ has one root = a, and, 
consequently, both f . (a) = O^ and /'0 (a) =0; 
and, therefore^ ^ (a) is not a maximum or a mini- 
mum. 

Cor. 3. If the equation /0(^)=O, has three 
roots equal to (a)^ then the equation /^•0(^)=O^ 
has two roots equal to (a), and the equation/' {x) = O, 
has one root equal to (a), and, therefore^ (a) is a 
maximum or a minimum, according as /^ ^ (a) is a 
negative or a positive quantity. 

Differentiation is also useful in determining the 
values of vanishing fractions. 

a:' - €^ 
To find the value of -^ , when a: = a. 

If we suppose 0a?=a?^ — a', and 0'(x)=a?* — a% 

<hix\ 
we have seen, (Prop. 39.) that the value of \^. ; , 

when j?=fl, and, therefore, both 0(x) and 0'(a?) = O, 

is-^, but/.^(x), or ^= S^:*, and/0'(x) 

s2j:; hence 

/0(fl) _ 3g* 3g 
/0'(a) - T^ - 2 • 

„ , j^-o^ 3fl 

Hence, when x = a, -= — 5 = — . 
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Ex. 2. To find the value of ^ , /^ — 7== 

i^a+x^Ay2a 

Let ^jc=a- v2a— a?, 
and 0'(a?) = V«+^-\/2a; 

then^or/0(*)=^-^i— ;.^ 

1 

and .'./^ (fl) = 



3^/a' 



da? -r 7- \ / as/a+x 

r 

and .-/^'Cfl) = 



2^ 2a' 



hence^ "^tttt-A (or value of . ^ 7=^=^ 

when a; = a) = - *^.- = ^2. 



Prop. XXXI. 

.. ...|5f X" fe^ c<m^er!?d as « fmactian of (x), i<« n"* 
differential coefficieM is a constant qu(intity, (n) being 
a posUwe integer. 

For if y =x", ^ = nar-\ ^ = n . (n- 1) a;"-«, 
^,= n.(«-l)(n-2)x^, 
and j^ = n..(n- 1) (n-a) (»-a) a;"**. 
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And thus by successive differentiations we shall at 
length arrive at 

= n.(ii-l)(it-3) {n-.(n-in.ar" 

* 

3= 1 .3.3 (n- l).n. 



J?" 



because a:^~* = — = j . 

Ex. 1. If y= 07^^ we shall^ after four differen- 
tiations^ arrive at 

-j^ s4.3 .3. l.aJ*-^ s= 1 .3. 3. 4, 

Ex. 3. If jfaex^^ we shall^ after five differen- 
tiations^ find that 

Cor. 1. Hence, all the differential coefficients 
after the {rC^) vanish^ (by Prop. 19.). 

Cor. 3. Hence^ {x + hY nmy be represented by 
a series, the number of whose terms is finite, and 
=n+l. 

CoR. 3 . If (n) had been fractional or negative, 
none of the differential coefficients would have be- 
come constant; and, consequently, the series (x+A)"* 
would have required a series of an infinite number 
of terms to express it. 

Cor. 4. If (w) be negative, we have 
but when x^o, txf" becomes infinite, and .'. in this 
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' case^ Taylor's Theorem Mh. (Prop. 18« Cor. a.) 
If (n) be fractional, it is manifest^ tbat^ since the 
index of (x) in each of the successive differential 
coefficients decreases. by unity^ it most at length 
become negative; and^ consequently^ that, when 
^=0, that differential coefficient becomes infinite, 
and, therefore, in this case, Taylor's theorem fails. 

Cor. 5. If (x) be any rational function of (x)» 
in which (m) is the highest power of (x), then 

■^ ^ is a constant quantity. For let 

0(;f) = ax^+ba^"^ -t . . . .ex+f; 

/. 'J^^^ =t maaT'^ + (m - l) 6x^* + . . . . + e 

and, by successive differentiations, we arrive at 

—T-^i— = 2.3.4 mMX + l,2.3 (m— l).b 

d^,d}(x) 
»nd — j„, =1.2.3.4 m.a, 

(m) being, by the supposition a whole number. 
Hence, <p{x + h) may be represented by a series of a 
finite number of terms. 

Cor. 6. Hence, if {x) be any rational function 
of (x), in which the highest power of (a?) is less than 
(n), and it A, B, C, JiTbe the values of 

respectively, when x=a, then 
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»(x) _ A B 

■*■ 1.2. (a? -a)"-"** ^ \.2...{n-\){x-a)^'^^' 

For, since all the differential coefficients after 
■Jfli must vanish, (Cor. 5. Prop. 31.), we 

have 

0(ar+A) = 0x+^^-^^.A + 



dy (x) A' <f'-'0(j) A"-' 

dx» '1.3 "^ ^ rfjf"-' •i.2...(n-l) 

and, making x = a, 

<f>{a+h)=:A+Bh-\' C.~ 

^ '^•i.a (n-iy 

and ag^in, supposing' a+h=x, and .'. hstx—a, we 
have 

^ (x) = ^+5 . (« - a) + C . ^^^* 

+ ^'1.2 {n-iy 

and, dividing this equation by {x - a)", we obtain the 
equation {A). This formula will afterwards be 
useful in integ;ration. 



K 



SECT. III. 



ON LOGARITHMS. 



If {a) be any constant quantity, and (x) and (y) 
two other numbers, whose relation is expressed by 
the equation 

then (x) is termed the logarithm of (y) to the base (a). 
It has been shown, (Wood's Algebra, Arts. 383, 
384^ &c.) that the sum of the logarithms of two 
numbers is the logarithm of their product, that the 
difference of their logarithms, is the logarithm of 
their quotient; and that if the logarithm of a number 
be multiplied or divided by (n), the result will be the 
logarithm of the (w***) power or (n*^) root of that 
number. 

The calculation of logarithms must, at first, have 
been a laborious task. They have, however, been 
calculated and arranged in tables, and the utility of 
these tables in arithmetical operations is manifest. 
It would scarcely have been possible to have ascer- 
tained the value of such quantities as 

7 1 or 1.05 1 J 

without the assistance of logarithmic tables. Now, 
however, that these tables have been constructed, 
we can find the value of such quantities as (7)^'^^ by 
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the following more simple process. Find, from the 
tables, the logarithm of (7) ; multiply the logarithm 
thus found by 7 A3, and the result will be the 
logarithm of the number required; and^ looking 
again into the tables for the number which answers 

to this logarithm, we find the value of 7| 

The common logarithms are those, whose base is 
the number 10. Thus, if^= 10"^, {x) is the common 
logarithm of (y) ; and if for (y) we substitute, in 
this equation, the numbers 

10, 100, 1000, 10000, &c. 

successively, the corresponding values of (x) will be 

1, 2, 3, 4, &c. 

respectively, because 10=10*, lOOssrIO', 10003=10^ 
and 10000= 10^ that is, the numbers 1, 2, 3, 4, &c. 
are the comcnon logarithms of 10, 100, 1000, 10000, 
respectively. 

One reason, why the number 10 is preferred as 
the base of the common system of logarithms, is the 
facility it gives us of fintling the logarithms of num- 
bers, connected with decimal fractions, from knowing 
the logarithms of all whole numbers. Thus, if 

j? = log (275), log (37.5) =log (^) 

I 

= log (275) -log (10) = a^- 1. 
In the same manner it appears, that 

log (2.75) = log (^) 
= log (275) - log (100) = X - 2, 
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and log (.276) = log (^) 



= log (.375) -log (1000) =X-3, 
and log (.0275) = log (-^^) =^-4, 

and log. (.00276) =log (j^^) =x-b. 

From this it is manifest, that in constructing a 
table of logarithms, whose base is (10), is it neces- 
sary to calculate only the logarithms of whole 
numbers. 

There is another system of logarithms called 
hyperbolic logarithms, which are of great use in the 
differential and integral calculus. The base of this 
system is the sum of the series 

^ ^ 1.2 ^ 1.2.3^ 1.2.3.4 ^ 1.2.3.4.5 ^ 

and is generally represented by the Greek letter (e), 
thus if y = 6"^, {x) is the hyperbolic logarithm of {y), 
and is represented by hyp. log. {y). 

If in the equation y = c^ we substitute (e) for (y), 
the corresponding value of {x) will be unity, that is, 
hyp. log(€) = l. 



Prop. XXXII. 

If (a) be any number y whose hyperbolic logarUhm 
is (A), and (x) its index, then 

a*=l+Ax H h + &c. 

^ ^1.2 ^1.2.3 
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For, in genera], 
^ ( j; + A) = (x) +/0 (x) . h +/*0 (x) -^ + &c. 

Assume ^ (x) = a*, then (x + A) = a'+* ; 

hence, a'+* =a' +/. (a^ . A +/*. (a') . — + &c. 
and dividing by a'\ we have 

..= ,+.Mh!)a+/11?1).-*L^&c. 

Now it is manifest, tbat the value of {a!") is inde- 
pendent of the variable (x), and, therefore^ the 
coefficients of (h) in the series representing the 
value of (o^)^ must remain constant, while we suppose 
(x) to vary. 

Assume, therefore, * ^^^ = K, where A^ is a 
constant quantity, involving neither (x) nor (A), 

then/, (a*) = A'. a*, 
and, taking the differential coefficients, we have 

f\{a^)=f.{K.cf) 

= K.f(f (by Prop. 23.) 

In the same manner it appears, that 

/'. (a*) = K\ <f, 

and so on for the other coefficients. Hence, by 
substitution, we have 

«'+* = a*+A:a'.!j + /(:V— + &c. 

i 1 • ^ 
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and, dividing by (a^% 



a*=: 1 + A:A + — + Ac. (M). 

1.2 

which is true whatever be the value of (A); let, 
therefore, ^ = 7^* and we have 

1 1 

«•» = 1 + 1 + + &c. 

1.2 

/. a = e', and, therefore, jfiC=hyp. log. (a)ss-rf. 

Substituting, therefore, A for K, and [x) for (A), in 
the series (ifef), we have 

Cor. 1. Hence, €*= 1 +1: + — - + + &c. 

for, if we suppose (a) to become = e, then (-4) must 
become unity. 

Cor. 2. Hence, d.if^A. (fdx, 

for/. K) or ^Li^^ A.a\ 

Cor. 3. Hence, d. [f^^^^'dx. 

Cor. 4. Hence, all the differential coefficients 
of e' are equal to €^ ; 

for since d (e*) = e^dj:. 
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hence. /\ .' or ^^ = ^-^ = ^. 

In the same manner it appears^ that 

/^ (€*) and /'•(c^), &c. each = €'. 

Cor. 5. The logarithm of unity to any base^ is 
equal to nothing. For if a^^\, we have 

1 =3 1 -{-Ax + -r-r- -I- &C. 

or Ax + h &c. 

1,2 

always =0, whatever be the values of A and (a), 
which cannot be the case, unless (x) always = 0. 

Prop. XXXIII. 
i/'(y) 6e the hyperbolic logarithm of{\ -i- x), then 

X* X^ X* o 

•^ 2 3 4 ^ 

By Tayk)r*s theorem, 

hyp. log. (:c + A)=hyp. log. (x) +/. hyp. log. {x)- 

h^ 
+/*. hyp. log. {x) j^ + &c. 

Now, if w = hyp. log. (j?), €" = a?, 

and by the former proposition it appears, that the 
differential coefficient of {x), considered as a function 
of (w) s= e** = a:, hence, the differential coefficient of {u) 

considered as a function of (x) is = - , (by Prop. 20.), 

i4> 
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that is, /. hyp. log. (;») = -; 

and ••• ^j*^*^^ or/'-hyP-^og-(^)=-^? 

and ••• ' ^dx°^ or/*. hyp. log. (x) = "^' , 

and, by substituting these values in the series for 
hyp. log. {x + h), we have 

h W 
hyp. log. (x+A) = hyp. log. (a?) + - - — , 

A h &C. 

Making a?=l, we have^ since hyp. log. (I)=i0, 

A* A' A^ 
hyp. log. (1 +A) = A - ^ + - - - + &c. 

And, writing {x) for (A), we have 

/M^ tV^ tVr^ 

hyp. log. (1 +^) =« --^ + 3 - 7 + &c. (5). 
CoR. 1 . Hence, d . hyp. log. x - — ; 

X 

and, therefore, the diflferential of the hyperbolic 
logarithm of any quantity, is equal to the differential 
of that quantity, divided by the quantity itself. 
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Cor. 3, Hence, writing ( -ar) in series (B), we 
have 

•K* orS jf*^ 

hyp. Jog. (!-«)= "•^-"j" 3 ""7 ••*^- (^)> 

and, therefore, the hyp. log. of a. quantity less than 
unity is negative. 

Cor. 3. Hence, subtracting series (C) from 
series (B), we have 

J*yP-Jog- (1 +^) - hyplog- (1 -^) or hyp. log. (j^) 

= 2(j; + j + y + &C.). (D). 

Cor. 4. If we assume x = ^^ , we have 

Cor. 6. If we assume y = , we have 

hyp. log. (-^) or hyp. log. (1 +2) - hyp. log. (z) 

m 

and, therefore, 

hyp. log. ( 1 + ») = hy p. log. jb + 3 [^^:pj^ 

L 



/ 
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Cor. 6. If, in the series (E), we- make ^ = 2, 
we have 

hyp. log. (2) = 3 {^ + jig, + ^ip + &c.} . 

Prom whence hyp. log. (2) may be calculated by a 
series^ which converges rapidly. But in the series 
(B), if we had made x^l, we should have had 

hyp. log. (2) = 1 - ^ + g - ^ + &c. 

a series, which converges, indeed, but so slowly, as 
to be never used in calculation. 

Again, if in the series (E), we had made y =3, 
we should have had 

hyp. log. (3) = 2 (^ + ^ + ^ + &c.). 



'< 



whence, hyp. log. (3) might be calculated. But 
having before calculated hyp. log. (2), we might 
have used the series (F), and have made 2 = 2, 
whence 

, hyp. log. (3) = hyp. log. (2) + 2 {g + 3-^3 

a series which converges with greater rapidity than 
the one above. 

Again, hyp. log. (4) = hyp. log. (2') = 2 . hyp. log. 3. 

V3 3.3^ 6.3^ / 
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Again, hyp. log. (5) = hyp. log. 4 



+ K5+rV+*0- 



9 3.9 

as appears by making 2 = 4, in the series (F). 

Again, hyp.log. (6) =hyp. log. (2) + hyp. log.(3), 
both which hyp. logs, have been already calculated. 

Again, hyp. log. (7) = hyp. log. (6) 

hyp. log. (8) = hyp.log. (2^) = 3 hyp. log. (2), 

hyp- log. (9) = hyp.log. (3^) = 2 hy p. log. (3), 

hyp.log. (10) = hyp.log. (6) +hyp. log. (2). 

In a similar manner, the hyperbolic logarithms of 
higher numbers might have been calculated. As, 
however, it is not the object of academical education 
to send out into the world a multitude of expert 
logarithmic calculators, it would be useless to pro- 
secute this subject any further. Those, who have 
undertaken the laborious task of constructing loga- 
rithmic tables, have discovered a great variety of 
curious artifices, by which they have materially 
diminished the labour of calculation. A knowledge 
of these artifices, ingenious as they may be, is, like 
the knowledge of verbal criticism, useful in its way, 
but, since it has no tendency either to enlarge the 
mind, or to strengthen the understanding, it should 
be left to the pursuit of those, who intend to devote 
their lives to the study of Mathematics. 
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Prop. XXXIV. 

Having found the hyperbolic logarithms ofnum- 
hersy to find their logarithms to any other base. 

Let (a) be the given base, 

(y) the number, whose logarithm is required, 

(a?) the logarithm required ; 

then y — a^; 

.-. hyp. log. Cy) = hyp. log. (a^)= J?, hyp. log. (a) ; 

^ hyp, log, {y) 
hyp. log. (a) * 

Cor. 1 . Hence, the common logarithm of (2), 

*>' »*>&• (^> = hyp^loloo) ' ^"^ ^"'"'"^ ''^'"''''^ 
the hyperbolic logarithms of (2) and of (lo) by the 
former proposition, we may, by division, find the 
common logarithm of (3). In the same way we may 
find the common logarithm of all other numbers. 

Cor. 2. Hence, if (o) and (a') be the bases of 
two systems of logarithms, and {y) any number, 

then 

log, (.y) to base (g) _^ hyp, log, (fl ) 

log. Cy) to base (flf) ^ hyp. log. (a) ' 
For, by this proposition, 

lo..(.)toi>ase(«)=||E^;; 

and log. (y) to base (a') = ^^y^'. iog. (^) ' 
hence, by division, we derive the above equation. 
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From this it appears, that having calculated the 
logarithms of numbers to any one base, we may 
easily find the logarithms of the same numbers to 
any other base. 

Pn,p, the p«.eding propciUon,, we ma, «nd 
the means of differentiating functions involving 
variable indices. 

To find the differential of y«^, where (y) ai^ («) 
represent some functions of (x). 

* 

Assume y^^w; 

.', z. hyp. log. y = hyp. log. w ; 

i_ u 1 J ^dy d.w 
hence^ hyp. log. y.az-^ — ^ =s ; 

.-. dw =y* (hyp. log. y.dz + ^) . 

Cor. 1. If ^=2 = 0?, we have 

d.od'^afdx {hyp. log. (a?) + l}. , 

To find the differential of a?'. 

Assume ii=a?'; 

.'. hyp. log. u = - . hyp. log. x; 

X 

du _ — hyp, log, (x) .dx 1 dr 



. . """ 



+ -. 



U XT XX 

= ^- {J -hyp- log, (o:)}; 
.-. du = ^^.{1 -hyp. log. {x)}. 
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Cor. 1. If the value of (x) be such^ that 1 — 
hyp. log. (a?)=D, it is manifest^ that — = 6 ; and, 
therefore^ ae is a maximum ; but, in this case, 

hyp. log. a? = 1 = hyp. log. e; .'. x =€. 

To find the differential of hyp. log. (l + a:)^ and 

hyp- log. (I -•»?)> 

J ■_ 1 ' / X d.(l+x) dx 
d . hyp. log. (1 +0;) = -^^j-^ = ^^. 

and d.hyp.log. {l-x) = — jn^ = jZTi' 

The following differentials are useful to re- 
member. 

d . hyp. log. {x+ sj 3? ± a*) 



_^^ (N/^±a"+j?) 






d . hyp. log. (x ± a + s/x^±2ax) 
_ d . {x ± a + ^ a^ ±2ax) 
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dx.(i+ /^" \ 



dx 



^a^±2ax' 



a+x' 



' ■ "yo- "« (Iri) 

= d.hyp. log. (a + x)'^d.hyp. log. (a-a?) 

dx dx 

+ 



a+x a-x 
2adx 



a^ — X 



= d . hyp. log. (a: — a) ~ rf . hyp. log. {x + a) 

dx _^ dx 
X — a a?-Ha 

_ 2adx 
= d. h. I. (a—^a'r^x*) - d.h.l. (« + Ja^-x') 



xdx 



\ 



xdx 



^a* -of. [a- V«* - a*) 'Ji^-d^ (a + Va'-r») 
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s/a*-\-x^-a 



. hyp. log. (V/-+^'-«-) 






These six preceding forms will, hereafter, be 
useful in integration. 

The differentiation of algebraic functions is 
sometimes rendered easier, by first taking 4heir 
hyperbolic logarithms, and then differentiating; 
thus, if 



u 



= V 3 3-^ 



'iT^ 



b. 1. w = - . h. 1. {a^ -HO?') - - . h. 1. (a^ - x*), 

du xdx xdx 

+ 



u a' + x^ a*— a?* 
2 a*' xdx 



a'^x^ ' 



J A /a* + x? 2a^xdx 



(a» - ««)». V«'+** " 
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Prom the preceding propositions^ we may also 
find the values of vanishing fractions, whose nume- 
rators and denominators involve variable exponentials. 

a^— 1 
Ex. 1. To find the value of , when a?c=0. 

The diflFerential coefficient of the numerator =s 
Acf^ and when j:=0/it = w^. Also the differential 
coefficient of the denominator = 1, whatever be the 

value of a?; heiice, when ^ = 0, = — = h. 1. la). 

X \ 

This might have been shown independently of 
differentiation^ for 

a''^\+Ax + — ^+&c.; 
^ 1.2 ' 

hence, a'^ - 1 = Ax -\ '- + &c.; 

a^— 1 
and^ consequently^ when x^^, , must = A = 

hyp. log. (a). 

Ex, 2. To find the value of ^yP' '^g' ( ^ + ■^) 

X 

when a? = 0. 

The differential coefficient of hyp. log. (l+x) 

, and when x=:0, it becomes unity. Also 



1 -f-^ 
the differential coefficient of {x) always equal&r 

unity; hence, the value of -^ — ^^ -, when 

X 

j? = 0, is unity. 



M 



SECT. IV. 



ON CIRCULAR FUNCTIONS. 




Def. If the vertex of any angle be made thc^ 
centre of a circle^ whose radius is equal to a linear 
unit^ the numerical value of this angle is represented 
by that number, which expresses the length of the 
circular arc intercepted between the two straight 
lines^ containing the angle. 

Thus, let BAC be an angle, CA 
equal a linear unit, and let CB be a 
circular arc, described from centre A^ 
with radius CA, then if (6) be the 
numerical value of the length of the arc CB, it will 
also, by the definition, be the numerical value of the 
angle BAC. 

In general, when we call an angle (6), we mean 
by (0) its numerical value, and when we make use of 
the symbols, sin 0, cos d, and tan 0, we intend them 
to represent the sine, cosine, and tangent of the 
angle (0), to radius unity. 

If (z) be the arc, which the angle (0) subtends at 
the centre of a circle, whose radius = a ; and if sin z, 
cos z and tan z^ be the sine, cosine, and tangent of 
the angle to this radius, we have, (by Trigonometry) 

. ^ sin « ^ cos z -i J. rx tan z 

sm = - — -, cos = , and tan q= — . 

a a a 
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In the succeeding propositions, we shall take for 
granted the following well-known axiom, viz. that 
, the length of a circular arc is less than that of its 
tangent, and greater than that of its chord or sine. 



Prop. XXXV. 

If {Q) he an angle, the differential coefficient of 
its sine, considered as a function of {6), is equal to 
cos 0. 

For if we suppose (A) to be the increment of (0), 
we have, by Trigonometry, 

2 cos 9. sin h = sin (0 + A) — sin {0 - h) 

A' 

= sin0H-/*.sind.A + Asind. h&c. 

A* 
— (sin 0—/. sin d.A+/^.sin . &c.) 

A3 

= 2^.sind.A4-2./®.sine. j+&c. 

Consequently, 

COS COS 1.2.3 ^ ^ 

Now, since by the axiom we have assumed (A) is 
greater than sin h, h — sin A, or the series 

/"i ^li^ll\ h ly!i«Bi A" 

V^ cose/'^ COS0 • 1.2.3 ■"*^- 

must be positive; and .•. *^-^ — ^ cannot be greater 
than 1 . (For if it were so, the coefficient of the 
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first term in the series would be negative, and, con- 
sequently, by diminishing (h), sq that the first term 
becomes greater than the sum of all the rest, we 
might make the value of the whole series negative, 
which is absurd). 

, sin h sin h 

Again, tan h = 



cos A ^i-sin«A 
= sin A . (1 —sin* A)""* 

= sin A + - . sin^ A4-&C. 

COS0 

as will appear by substituting the value of sin h, 
which was found in the equation {A) ; but^ by the 
assumed axiom, tan h is greater than (A)^ hence^ 
tan A— A, or the series 

\ COS0 / 

must be positive ; and, therefore, *^ — — cannot be 

* COB0 

less than 1, and^ consequently, we have 

/.sin0 , /. • /. 

•^ — = 1, or f. sin = co8 0. 

cos 9 •' 

Cor. 1 . Hence, ' ; = cos 0, 

or rf.sin = cos 9 .dO. 
Cor. 2. Hence, rf . cos 0= - sin . d9. 
For sin' + cos' = 1, and differentiating,. 
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2 sinO »dfim 0+2 cos ^.d .cos ^ = 0; 
.'. sin O.cosO .d6+ cos .d.cosO^O; 

.•. d.cos 9= —sin 0. do. 
Cor. 3. Hence, d . ver sin d = (i (1 - cos 9) 

9 

= - d . cos 9 
= sin 9 .d9. 
CoR. 4. Hence, d . sec. = sec 9.tBin9 .d9. 

^ , /I J 1 — d.cosfl 

For a. sec 0=a. = 5-- — 

cos 9 cos^9 

sin d.dd sin 9 d9 



cos* cos ' cos 9 

= sec d.tan d.^Id. 

Cor. *5 . Hence, d . tan 9 = sec* 9 .d9. 
For tan*e = sec*e + l; 

.*. tan 9.d tan d = sec 9 .d sec 9 

= sec* . tan 9.d9; 

.'. d t^n 9 = sec* 9. d9. 

CoR. 6. Hence, if (£() be a circular arc^ whose 
radius is (a), and if (y) (a?) (x') (s) (<) be its sine, 
cosine^ versed sine, secant, and tangent respectively 
to radius (a), then we have the following equations : 

, ady J —adx , adx' 

dz = M i dz = , ^ , az = —j===^==z 

, a^ds J a^dt 

dz = 7====,, a« = - 



Ss/s^-a^ «' + <* 



M 

For since, by Trigonometry, we have, supposing 
(A:) the increment of (z) 

2 cos )s. sin k=:a {sin (« + Ar)-sin (2 — Ar)} 

_^ 2a . d . sin « , 2a . (f . sin « k^ ^ 

We may prove as before, that 

a ,dH\nz 



dz . cos z 



= 1; 



and/.jy=:^gg^=:^^'"-3^\ 
a2> a a 

Thus we have the differential coefficient of {y) 

considered as a function of (2) = -^^ ^ : hence, 

a 

the differential coefficient of {%) considered as a 
function of (y) = ~^====; (by Prop. 20.) 

dz a 

or 



In the same manner the other formulas may be 
proved. 

Cor. 7. Supposing, as before, sin d, and cos 0, 
to represent the sine and cosine of the angle (d) to 
radius unity, while sin %, and cos z^ represents them 
to radius (a), we have, (by Trigonometry), 



. ^ sm « , ^ cos « 
sin d = , and cos Q = 



a ' a 



.-. d.sin6 = 
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d.sin z _ dz . cos z ^dz. cos 9 
« "" fl* "" a 



but d.sin 0=d6.co8 6; 

hence, — = d9, or dz = ad9 = d.a0. 
a 

Now, since the differentials of {z) and of (ad) are 
equal, the. difference between these quantities must 
be constant; but when a=0, 9, and /. a9 = 0; 
hence, in that case, their difference = 0, and, there- 
fore, their difference must always =^0; hence, (z) 

must always equal {a9), and .-.0 = - , 

From whence it appears, that when the angle is 
given, the arc is proportional to the radius. 

Cor. 8. If we suppose (9) to be a right angle, 
we shall have the quadrantal arcs of different circles 
proportional to their radii ; and, therefore, four 
times the quadrantal arcs of these circles, or their 
circumferences will be found to be in proportion to 
their radii. 

• • 

Prop. XXXVI. 

To express the sin 9 and cos 9, in terms of (9). 

We have seen that 

. , d.sine , d\s\n9 h? 
sin h. =s -m ^ h, + 



d9 . cos 9 deP. cos ' 1 . 2 . 3 
. d*.sin0 A* . „ 

^ de\C0»d 1 .2.3.4.5 

whatever be the value of 9 ; 
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, , rf.sinfl , d.sinO ^ 

rffl . cos aO 



do . cos 
d^sinO ^ d . cos 



= - sin ; 



d^ sin — d . sin ^ 

hence, -^^^5 ^^ cos 6; 



m • 






dO^ cos 

In the same manner it may be shewn, that 

d* sin e 



d^. cos 9 



= 1. 



Hence, sin A=A + — : — - — &c. 

' 1 .2.3 1 . 2.3.4 . 5 

And, substituting; (0) for (A) 

sin # = + &c. 

1.2.3 1.2.3 .4.5 

Differentiating this equation, and dividing by dd, 
we have 

cos = 1 + &c. 

1.2 1 .2.3 .4 

0^ 

^ TT ^ /I sm e 1.2.3 
Cor. 1. Hence, tan0 = ^ = ^rr . 

' COS0 0* « ^ 

1 + &C. 

1.2 

= 0+C.^ + C'0^ + &c. (M). 

where the values of C, C, &c. may be determined 
by actual division. 
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Cor. 2. Hence, if {z) be an arc, whose radius 
is (a) and (t/) and (or), its sine and cosine to that 
radius respectively, we have, since 

fj /jn % 

sin = •5: cos = - , and = - , 
a a a 



V Z I Z^ 1 ^ jCro 

1 = ^ _. -- + , ^ ^ . , . -3. - &C. 



a a 1.2.3 a^ 1.2.3.4.5 a 

and, therefore, 

,1 z^ ^ 1 ^ o . 

^^"^ ~ r:TT3 -P "^ 1.2.3.4.5-a^ "" ^""^ 

And, in the same manner, 

is* 1 »* JR. 

^ = ^-"T:^-7'^1.2.3.4'^-*^-^ 

and, consequently, if (<) = tan « to radius (a), we 
have 

f = i2-C.l + C'.^, - &C. 

a- a 

where C and C are the same as before. 
Cor. 3. (Prop. 32. Cor. 1.), we have 

for (x) write . »y — l, then 

next for (ar) write — >s/ -\, then 

N 
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hence, e + e 

1 + Ac.) = 2 . cos 0, 



and 6 -"6 "" 

(AS ^ 

~ + &c.) = 2^-1 sin d; 

hence, cosS = 3 (e^^^ + €~^^^^~^), 

and sin = -== U - e ), 

which expressions are only imaginary. 

Cor. 4. If for (0) we write mQ^ we have 

cos md = - . (€ +61 ), 

2i 



and sin mQ = . (e - e ) 

CoR. 5. If we make' e rrar, we have 



m^V-i _ — a\/^ 1 

X 



€ = l*", 6 



J -m^v/m 1 

and € = 



or* 



Hence. 2 cos 0=a? + - , and 2 cos m0=a^ + — • , 
*• and 2x/"— 1 sin^=a: — - . 



J?"* 



m 
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and 2 v^'^sin mQ-x"^ - 

Cor. 6. Hence, 

cos 0+\/ — 1 sin (9 = 1:, 

and cos0-v/- 1 sin d = - , 

a; 

and cos m9 + >y ^^ sin m0 = jT^ 
and cos m0 - >>/ - l sin mO ^-;,, 

X • 

Consequently, (cos ± \/ -l sin d) 
= cos md ± \/ — 1 .sin m0. 



Prop. XXXVII. 

To find the value of an arc in terms of its sine. 

Let ^ = sind, then = sin""\y*; and since the 
difTerentia! coeflGcient of (^) considered as a function 

of (9) =cos = ^1 — y*, the ditFerential coefficient of 
(6) considered as a function of y = > ■■ ,, , or 

d.sin"^v 1 ,, ox-i 



* The symbols sin~^^, cos-^^, tan'^^y, &c. are used to re- 
present the length of a circular arc, whose sine, cosine, tangent, 
&c. respectively =y to radius unity. 
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Hence^ differentiating, we have 

rf' sin-'v 1.3 , 1.3.6 ,.-, 

(/y -y • 2 "^ 2.4 "^ 

, d' sin-' V ^ 1 . 3' , 1 . 3 . 6' 4 , ^ 
and , ^ ^ = 1 + ' y* H y* + &c. 

And thus, by successive differentiations, we may find 
the other coefficients. Now, suppose {y) to increase 
by (A:), then, by Taylor's theorem, 

I, .,v . 1 rf.8in~'y , d*.sin~^v k^ 
8.n-' {y+k)^,xn-^y + —^ . k + -^-.-^ . — 

dy^ 1 .2.3 
= 8in-^j^ + A: |l +^ +i^.y + &c.| 

+ 17^^ + —^+*^} 

. ^ ( 1.3* „ ^ ) 

+ &c. 
Now, lety = 0, then, since sin~'y = 0, we have 

Hence, writing {y) for (A:), we have, since y = sin 9, 
. ... 1 sin^e ,1 .3 8in*e , _ ... 

Cor. 1 . If (d) becomes a quadrantal arc, sin d = 1' 
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and the value of (d) is then represented by the series 

1.2. 31. 2. 4. 5 1.2.4.6.7 

The double of this series will express the value of 
the semi-circumference of a circle, whose radius = 1^ 
and is represented by the Greek letter (tt). 

Cor. 2. If {z) be the circular arc, which sub- 
tends the angle 6 to radius (a), and if y = sin z to 
this radius, then since 

= - , and sin = "^ 
a a 

we have, by series {A), 



z 
a 


a 


1 
1 . 2 




-V 


1 
2, 


.3 

.4* 


5a^ 


+ 


&c. ; 


.\ z 


= i^ + 


1 
1 .2 


3a^ 


+ 


1 

2 


.3 
.4 




+ 


&c. 



(5). 



CoR. 3. If (2j) becomes a quadrantal arc, y = a, 
and the value of {%) is represented by the series 

n^+TT^ + ^TTTT + ^O' 

TV a 
which = — . Hence, four times this quadrantal 

arc, or the circumference of a circle, whose radius 
= a, is equal to 27ra. 

Cor. 4. Hence, the curved surface of a cylin- 
der, whose length is (c), and radius = a, is 27rac, 
(Prop. 7.). 
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Prop. XXXVIII. 

To find the value of an arc in terms of its 
tangent 

Let (*) = tan 6^ then = tan""^<, and since the 
differential coefficient of {t) considered as a function 
of (0) = sec* e, (Prop. 35. Cor. 5.), the differential 
coefficient of (0), considered as a function of {t) 
_ 1 
""8e?0' 

d.tan'^i 1 1 /i I /2\-i 

Hence^ diflTerentiating successively^ we have 
d»tan-'< 



dt* 

d^tan-'< 
d1^ 



= - 2< + 4<^-6<* + &c. 



= -2+3.4.<»-6.6.<*+&c. 



And thus, by continuing to differentiate, we may 
find the remaining differential coefficients. Now, 
suppose (t) to increase by (&), then^ by Taylor's 
theorem, 

tan-'(<+Ar) = tan-'< 
d.tan-'.t , , rf*.tan-'< A;* 



dt ^ ^ de 1.2 

t 

. d'.tan-*< k^ , . 
+ 7-5F— l^X3+*"• 
=tan-'«+A:.(l-<»+«*-&c.). 
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1.2^ ' 

1.2.3^ ^ 

+ &c. 

Now, let« = 0, then tan"*< = 0; and, therefore, we 
have 

tan"^ A: = A: - *r + -t — &c. 

3 5 

and writing (0 for (/c), since tan* *<=s0, and t = tan Q, 
we have 

. ^ ^ tan^e . tan^g tan^fl^ „ ... 

0=tan d — H g V &c. (^). 

Cor. 1. If we suppose (%) to be the arc^ which 
subtends the angle {&) to radius (a), and (i) to be 
its tangent to that radius, then^ since 

% t 

6 = - , and tan ^ = - , 
a a 

we have, from series (A), 

Z t 1 ^ It' 1 ^' o 

a a 3 a^ 5 at 7 a^ 

Cor. 2. If we make < = «, (a) becomes the arc 
which subtends an angle of 45 degrees^ and is^ 
therefore, equal to one fourth part of the semi- 
circumference of a circle, whose radius = a^ and 

hence it = — -; hence, 

4 
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. sin — , and be, therefore^ expressed by the 
series 

Now^ the area of the circle is less than one of these 
polygons, and greater than the other; and^ conse- 
quently, the number expressing it, lies between the 
series [A) and the series (B), whatever be the value 
of (n), which cannot be the case, unless the area of 
the circle = 7r a*. 

Cor. 1. Hence, the area of a circle = its radius^ 
X its semi-circumference. 

Cor. 2. Hence, the content of a cylinder^ whose 
length = c, and whose rad. = a, is irca^. 

Cor. 3. Hence^ in a circle, whose radius =a, 
the area of any sector, containing an angle = d, is 

- a^9. For the area of the whole circle = 7ra^ and 
2 

this area : area of sector, whose angle is (9) :: 

2 IT : '0; and, therefore, the area of the sector is 

equal to — . x area of the circle = — . ira* = — . 

^ 27r 2w 2 

CoR. 4. Hence, if the radius of the circle had 
been unity, the area of a sector, whose angle is 0, 

would have equalled ^ 0. 

CoR. 5. Hence, the whole surface of a cylinder, 
whose length and radius are (c) and (a) respectively, 
is 

27rac+27ra^, or 2 7ra.(a + c). 
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Cor. 6. Hence^ we may find the proportion 
between the length and the radius of a cylinder, 
which, with a given surface, shall contain the greatest 
possible content. 

Let {x) be its length, (if) its radius, and2 7ra^ 
the given surface, then 

y ^ 

But the content of this cylinder = Try^x==: ir . {a^y -^^). 
Hence^ the differential coefficient of this content, 
when considered as a function of (j/), must equal 
nothing ; and^ therefore, 

fl'-3y = 0, and .•.y=± — ^; 

hence, x == + (a J^ rrr ) = + --p^ ; 

hence, y \ x \\ \ \ 2, or x^2y. 

Hence, the length of the cylinder must equal its 
diameter. 

The equation y = —p , gives a maximum value 

of the content, because^ if we again differentiate, 
we find the second differential coefficient of the 
content to be negative. 

From the preceding propositions, we may find 
the differentials of all circular functions. 

Ex. 1. d. sin** a?=w.sin^*"^a?.rf sin x 

=w . sin'*"*a? . cos .r . dx. 
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Ex. 2. d . cos" a?=n . cos'*"* ^ a? .d .cos x 

= — « . co8"""^a; . sin X . dx. 

Ex. 3. d.tan" jpssn.taii^^^a^.d.tana: 

= w . tan""^ j: . sec^'x . dx. 

If we represent an arc, whose sine s= x, by the 
symbol sin'^a?^ we have 

1-1 dx 

a. sin 07 = 



Again^ if cos" ^j? represent an arc, whose cosine = 0:^ 

—dx 



d.cos^'o? = 



s/T^^' 



Similarly, d. tan**x = ' , . 

By combining the propositions of this section 
with those of the preceding, we may differentiate 
quantities involving both logarithmic and circular 
functions* 

Ex. 1 . d . hyp. log. sin x = —. 

9&n X 

cos X .dx ^ , 

= : s= cotan X . ax. 

sm X 

d. cos X 



Ex. 2. d. hyp. log. cos x := 



cos X 
— sin xdx 



= —tan xdx* 



cos J? 

Ex. 3. d . ^*^e^'d. sin j?=:e^'. cos x . dx. 
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Ex. 4. d. (cos x)^ '=:da:. (cos x)'^ '. 

(. , sin* x\ 
cos X . hyp. log. cos x 1 . 

For, if we assume u = (cos x)^ ', 

we have hyp. log. tt=hyp. log. (cos. j?)**°' 

= sin ^ . hyp. Iqg. cos x ; 

du - - , • , . 

.'. — = cos X . hyp. log. cos x . ax- tan x .ax .sm x 

= dx fcos 07. hyp. log. cos x V- 

.-. du = dx. (cos xY^'. I cos x . h. 1. cos x ) . 

^ V cos a:/ 

From the preceding propositions, we may deter- 
mine the value of many vanishing fractions, which 
involve circular functions. 

„ , sin 2 d - sin , ^ ^ 
Ex. 1. , ■ ^ — : — T, when 0=0. 
sm 30-8md 

We have — r;; = 2 cos 20 — cos d 

do 

= 1, (when = a). 

. J d. (sin 30- sin 0) „ „^ 

And ^ yr: = 3 .COS 3 — COS 

do 

= 2, (when = 0); 

, sin 2 - sin 1 . . ^ v 

'^""""' sin 3g- sing = 2' (^'•*'" ^ = **)- 

^ COS 0— COS 20 . /, ^ 

Ex. 2. 5 --^, when 0=0. 

cos 0— cos 30 
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We have — ^^ ^ L = ^ sin 0+2 sin 20, 

J d\ (cos 0— cos 20) ^ ^ 

and ^ ^ i = - cos + 4 . cos 20 

=3^ (when = 0). 

. rf.(cos0 — cos 30) . ^ . ^ 

Again^ — ^ -^ ^ = — sm 0+3 sm 30^ 

, d*. (cos - cos 3 0) 
and — ^ j^ ^ = -cos 0+9 sin 30 

= 8, (when 0=0); 
, cos 0— cos 20 3 , . ^ X 



SECT. V. 



ON REGULAR CURVES. 



A REGULAR curve is one^ whose co-ordinates are 
functions of each other. Those curves^ which are 
described libera manu, and in which^ if referred to 
rectangular axes, there subsists no relation between 
their co-ordinates^ manifestly cannot be the subject 
of mathematical reasoning. 

Let APQ be a regular curve, ANn the hori- 
zontal axis, A the first point from which the abscissa 




AN^x is measured, and through which we may 
suppose the perpendicular axis to be drawn ; let 
Qln\ PN, Qn be three equidistant ordinates ; and 
let PN—y^ Nn = A = Nn'. Then since the ordinate 
to any point is the same function of its abscissa 
throughout, Qn, Q^n' are the same functions of their 
abscisses An^ An! respectively, that PN is oi AN; 
if, therefore, we represent [y) by the symbol ^ (x) 
we have 
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Qnszfl}{x+h)f {because -^n =5(0? + ^)}, 

^<l>x+f<f> (x) . h ^f\ (x) :p-^ + Ac. 
and QV =:0(a?— A), because Ari ^{x^K) 

= 0(^)-/.0W^+r.0(^)-^ - &c. 

Here/^ {x)yf\ (x), &c. represent the differential 
coefficients of the ordinate, considered as a function 
of the abscissa, at the point P, and, therefore^ 

/•(pix + h), J^.<l>{x+h)i &c. 
will represent them at the point Q, and 

f(p{x-h), J^<l>{x-h), &c. 

at the point Q^. 

The area of a curve corresponding to any 
abscissa, is a function of that abscissa ; and, conse- 
quently, if we represent the area APNy which cor- 
responds to the abscissa AN—x, by ^ {x), the areas 
AQfn\ AQn, which correspond to the abscissae. An', 
An will be represented respectively by "^{x-h), 
and y\f{x-\-h). 

The length of a curve is also a function of its 
abscissa, and if we represent the length of the curve 
AP hy <p!{x)j the curves ^Q and AQ will equal 
<p'{x+h) and (pf{x^h) respectively. The same is 
also true of the solid and surface t>f revolution gene- 
rated by the curve APQ revolving round its abscissa 
ANn. 

In this section, whenever we speak of the ordi- 
nates, lengths, areas, &c. of curves, we shall always, 
regard them as functions of their corresponding 
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abtcisste^ and^ whenever we speak of the differential 
coeflBcients of these quantities, we mean their differ*^ 
ential coefficients^ when taken upon this supposition^ 

In the following propositions we shall take for 
granted these axioms. 

Axiom 1 . If a tangent be drawn at one extre- 
mity of an arc^ and from the other extremity a 
subtense . be drawn making a finite angle with the 
tangent, the length of the arc is less than the tangent 
together with the subtense. 

Thus, in the preceding figure, the arc PQ is less 
than PR+RQ. 

Axiom 2. The length of any arc is greater than 
its chord. 

Axiom 3. If a curve APQ, (see . preceding 
figure^) revolves round its abscissa ANn, the sur- 
face traced out by , the arc PQ is less than the curved 
surface of a cylinder^ whose length equals the length 
of the arc^ and whose radius = Qn, the greatest 
ordinate, and greater than the curved sur&ce of the 
cylinder^ whose length equals the length of the arc, 
and whose radius = PiV, the least ordinate. 

Prop. XL. 

The equation to amf straight line may be re- 
duced to this form 

y = ax+b, 

where (x) is the abscissa measured along the hori- 
zontal axis, (y) the ordinate measured along the 
perpendundar axis, and (a) the tangent of the incU- 
nation of the given straight line to the horizontal 
axis. 

Through the intersection of the. axes draw 
another straight line parallel to the given line, and, 

P 
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Iberefoi'e, equally indined to the borisontsl axis;* 

aircl let (y) be the ordinate to this straight Hae, 

corresponding; to the abscissa (x) ; then it is manifest^ 

tbflft 

y : X :: a : 1. 

Hence, tbe eqaation to tbis stmigbt line \9^ssax; 
but h may easily be proved^ tbat the difference 
between (^) and {j/) is a constant qvantity; let then 
this difference = h, then y — y = t, and y ^jf - h ; 

hence^ y^-b^ax^ and r.y^ax + b. 

Def. a tangent lo a curve is a straight lioe, 
which meets the curve at any pointy but^ being pro- 
duced^ does not cut it at that point. 

D£F. A subtangent to any poiat in a curve, i» 
that part of the horizontal axis^ which is intercepted 
between the ordinate to that point, and the intersec- 
tion of the tangent to that pointy with the hori- 
zontal axis. 

Tbus^ let AP be a curve, ANn the horizontal 
axis, A tbe first point, from whence the co-ordinated 




are measured, and tbroogb which we may i^ppose 
the other axis to be drawn. 

Let P be any point in tbe curve, draw PN 
perpendicular to AN, and suppose the straight line 
TPR to meet, but not to cut, the curve at jP, and to 
intersect AN in T, then TPR is a tangent to. the 
curve, and NT is a subtangent. 



Ii5 



Prop. XLL 

If {d) he the angle, at which the tangent to any 
point of a curve is mcUned to the horizontal aocis, 
the differential coefficient of the ordinate at that 
point i$ equal to tan 0. 

Let APQ be the curve, Q!n\ PN, Qn three 
equidistant ordinatiss, TPR a tangent at P, cuttings 
ithe ordinates Q^n\ Qn produced in R and JR. 
Complete the rectangles RN, Pn. Let Nn or 
Nnf^h, AN^x, and PN^y^(t>{x). 

A* 
Then 9n=0(j?)+/.0(a?).A+/*.0(x).-— +&c. 

1.2 • 

A* 
and Qri = (a?) -/.0 (x) . h +f*. <l>ix).'—-- &c. 

1 .d6 

Also since z RPn = ^ PRp s= 6, we have 

Rn = PN+Rirva<ft(x)+tBine.k, 

and B!n'=: PN-Pp=<i> (x)— tan 9 .h. 

Hence, vre have 

Rn - Qn ={tan(?-/.0(a?)}.A-/*.0(x)~-&c. {A), 

and 

irn'-QV={/.0(a?)-tan0}.A-/^.0(a?).:^+&c. (fi). 

1 »j 

Now suppose, as in the present figure, the arcs PQ, 
PQf, to lie both beneath the tangent TPR; then 
Rn is greater than Qn; hence, the series {A) is 
positive ; and, consequently, (by Prop. 13. Cor. 3.) 
/.^(i?) cannot be greater than tan A Again^ Rn 
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is greater than Q^vl \ hence^ the series (JB) is 
positive ; and, therefore, f. (j> {x) is not less than 
tan 0. Hence, we have 

/.0W or ^ = tan0. 

In the same way it might have been proved, if 
the curve had lain above the tangent. 

CoR. 1 . Hence, if the tangent to any point in 
a curve, whose co-ordinates are (x) and (y) be 
drawn, the equation to this tangent is 

dy 
where (y), (or), and ^ are quantities, which 

%LX 

remain the same for the same tangent, and {t/) and 
(x') the variable co-ordinates of this tangent; for, 
(by Prop. 40.) 

y = tan 9.x'+b; 

but, when y=y, af^x; hence, in that case, we 
have 

^ = tan .x + b, 
and eliminating {b) by subtraction, we have 

y -y = tan 6 . (j?' - x) 

CoR. 2. Hence, we may find the point, where 

the tangent cuts the axis. At this point y = O, and 

tidx 
/. 0?'= a; — ^T^' Hence, the distance of the point 



117 

T from A measured in the direction ^iV= x - —- , 

dy 

and, consequently, if ^ — be less than x, T lies to 

the right of j4 ; but, i^'^j— be greater than (a?), T 

lies to the left of A. 

Cor. 3. Hence, subtangent = — ^~~"- 

CoR. 4. If the curve admits a tangent at any 
particular point, the position of this tangent may be 
found by the preceding expressions, but the converse 
is not necessarily true. The position of a straight 
line may be found by the application of the preceding 
expressions, and yet that straight line not be a tan- 
gent. 

Cor. 5. When the ordinate is a maximum or a 
minimum, the tangent to the curve is parallel to the 
horizontal axis. In the former case, the curve lies 
below the tangent, in the latter, above. For, when 

^ = 0, tan = 0; and, consequently, the tangent 

to the curve at this point cannot cut the horizontal 
axis, for if it did, it must cut it at some finite angle^ 
whose tangent is not evanescent. 

Cor. 6. Hence, a tangent to a curve may be 
drawn by the following construction. Through the 
point P, draw the straight line Ptt parallel to the 
axis AN; take P7r = a linear unit, and from the 
point IT erect the perpendicular t/Z, and make 'jtR 

=/. 0(a?) or -j^, join RP, and produce it both 

ways ; then, if the curve admits a tangent, RP is 

that tangent. If -j^ be positive, tt/J is to be drawn 
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upwards^ but if -^ be negattYe^ it is to be drawn 

downwards. 

Cor. 7. A curve cantiot have more than one 
tangent at a point. For it has been «hown, that if 
UP be a tangent at P, the tangent of the angle 

RPtt must as: -^ ; and, consequently, (unless — has 

more than one value, while (<r) and .{y) are the 
same,) the curve cannot have more than one tangent. 

Cor. 8. If two curves touch each other at any 
point, they have the same tangent ; and if they are 

referred to the same axes, -r- is* the «ame in both. 

ax 

For it is manifest, that the straight line, which 

touches the outer curve, cannot cut tbe inner ; and, 

since -^ determines the inclination of this tangent 

to the same axis in each, it must be the same for 
both. 

Ex. 1. To draw a tangent to an ellipse. Sup- 
pose the axis-major of this ellipae to be the hoi:izontal 
axis, and =2 a, and the axis-minor to be the perpen- 
dicular axis, and = 2 i ; then we have 



ydx^ €^ -^ x^ 
' ' dy " X ' 

Now, if {x) be measured to the right of the minor 
axis^ tbe distance of the point 7", where the tangent 
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intersects the axt»'in»)«r produced, from the centre 
of (he ellipsey wtU equal 



+ x — 



d9 



a'— J?* . a^ 



= +x+ — = H — . 

X X 

Hence, AT : semi-axis major :: semi-axis major : 
abscissa^ as appears also from conic sections. The 
positive sign shows the direction^ in which ^T is to 
be measured. 

Def. a carve is said to be concave at any 
pornt^ if the tangent at that point lies above the 
curve. 

Def. a curve is said to be convex at any pointy 
if the tangent at that point lies below the curve. 

D£F. If^ when an ordinate is drawn to any 
point in a curve^ the curve on one side of this or- 
dinate is concave^ and on the other convex; this 
point is called a point of contrary flexure. 

In general, we term carves concave or convex, 
according as they turn their convex sides upwards or 
downwards.. Thus^ if a diameter be drawn in a 
circle parallel to the horizontal axis^ that part of the 
circle, which lies above the diameter, is termed eon- 
cave^ because it tarns its convexity upwards, and that 
part^ which lies below the diameter, is termed con- 
vex, because it turn» its convexity downwards. 
Hence, it is not always true, that, when one part of 
a curve is convex, and another concave, a point of 
contrary flexure intervenes, for no such point existsr 
in a circle. By the definition, in order to constitute 
a point of contrary flexure, it is necessary, that the 
ordinate to this point, should have a portion of the 
curve, lying on each side of it ; and that the curve 
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on one side should be convex, and on the other 
concave. But in the circle^ it is manifest^ that the 
points^ where the change from convexity to con- 
cavity takes place^ are the extremities of the diameter^ 
drawn parallel to the horizontal axis ; and that the 
ordinates to these points have both the concave and 
the convex arcs lying on the same side. 

Prop. XLII. 

In any curve, the second differential co^cient 
of the ordinate is positive or negative, according 
as the curve is convex or concave. 

Let the curve be concave^ and lie beneath the 
tangent, then {using the same figure and construc- 
tion as before), we have 

Rn = (i?) +lan . A =0 {^)+J'' (^) h, 
and Qn = <j>{x)+f.(l>{a:).h+f.(p(a!)—+&c. 

A /^n~Qn=~/^0(a?)^-/^d)(a?)•-^-&c. 

^ rv / J 2 c/ rv / J 2.3 

the sum of which series must be positive ; hence, the 
coefficient of the first term must be positive ; that is^ 
-J*^. <p {x) must equal some positive quantity ; and, 
therefore,/*. ^ (or) must be negative. 

In the same manner it might have been shown, 
that if the curve had lain above the tangent, y^.0(a:) 
would have been positive. 

Cor. 1 . Hence, conversely, if /* . (x) be 
positive, the curve is convex, and if f^<t>{x) be 
negative, the curve is concave. For if /^^ [x) be 
negative, and = - JST, we have 
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which is positive, when {h) is sufficiently diminished ; 
hence^ Rn is greater than Qn, and, therefore, the 
curve lies below the tangent. In the same manner 
it may be shown, that if /®0(a?) be positive, the 
curve lies above the tangent. 

Ex. 1. Suppose the curve to be an ellipse, then 
we have 

Hence, taking the positive value of (y), 

dy ^b (a - a?) 

d^y —ah 



which is always negative; hence, the part of the 
curve above the axis major is always concave; 

if the negative value of (y) had been taken, -7^, 

would have been positive ; and, therefore, that part 
of the ellipse, which lies beneath the axis major is 
convex. 

Ex. 2. Suppose the curve to be a parabola. 
Here y^ = 4 ax ; hence, y = ± 2 >v^aS. 
Taking the positive value of (y), 

dx-^y-i' ^"^ dx'"^ 2^1 • 

« 

Q 



CA^. 



., ^^"^ ■ 
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Hence^ the curve above the axis is concave, and, a» 
before, it may be shown to be convex beneath the 
axis. 

Prop. XLllI. 

At a point of contrary flexure, the second differ^ 
ential coefficient of the ordinate vanishes. 

Let P be a point of contrary 
flexure Qn, Q^n two ordinates 
equidistant from PN, the or- 
dinate to the point P. Suppos- 
ing Nn, Nn' each equal h, and 
AN^x, we have 

An^x+h^ and An'^^x-^h; 

and, therefore, the second differential coefficients of 
the ordinate at the points P, Q, and Q will be re- 
presented respectively by 

f^<t>{x\ r<l>(x + h) and/*0(j7-A). But 

f\ <i>{x^h) =/^ <p {x) +f\ <p {x) - 




h^ 



+/'-<!> i^)'T7'2 ^*^- 



h 



and f. (X - A) =/^. <l> (x) - /^ (x) ^ 



Hence, when f^<p{x) does not vanish, but is positive, 
if we take (h) so small, that the first term in both 
these series is greater than the sum of all the rest, 
the values of f. <i>{x^h) and /^ <^ (x - A) are both 



1^3 

positive ; and, therefore, the second differential coeffi- 
cients to the points Q and Q' are both positive ; and, 
therefore, the curve is convex on both sides of P, 
and, consequently, P is not a point of contrary 
flexure. In the same manner it might have been 
shown, that if/*0(x) had been finite and negative, 
the curve would have been concave on both sides 
of P. Hence, P cannot be a point of contrary 
flexure, unless /*0 {x) = 0. 

Cor, 1 . Conversely, if at any point in a curve 
j^<t>{x) or T^ = 0, while f^fp{x) or — remains 

finite, this point is a point of contrary flexure. 
For, as before, 

/'.0(x + A)=/*.<^(x)+/'.0(x)^ 

and /«. 0(.r- A)= -/'•<^(^) f +/*-0(^)^- &c. 

Hence, by making {h) sufficiently small, we shall 
have one of the quantities 

f<j,(x+h), and/*.0(x-A) 

positive, and the other negative ; and, consequently, 
the curve on one side of this point is convex, and 
on the other side concave; hence, this point is a 
point of contrary flexure. 
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CoK. 2. If at any point, both 

p.<f,{x)=0, and/Xx)=0, 

while f*. <f) (x) remains finite, this point is not a 
point of contrary flexure. For, as before, 

{since /'0(x) = O, and/'^(x)=0}, 
/'.0(x+A)=/\0 (X) J^+/*. (x)-j^ + &c. 

and /»0(x-A)=/*.0(x)il-/«.0(x)y^+&c. 

Now, diminishing (h), so that the first term is 
greater than the sum of all the rest, we have 

/'.0(^ + A), and/«.0(j?-A) 

both positive^ or both negative, according as/^0(a?) 
is positive or negative; hence, iff*.<l>(x) be positive, 
the curve is convex on both sides of this point, but 
if f*<p(jc) be negative, the curve is concave; and 
hence, in neither case, is this point a point of con- 
trary flexure. 

Cor. 3. By a similar process of reasoning it 
may be shown, that if at any point in a curve the 
number of differential coefficients which vanish, 
beginning with the second, be odd, this point is a 
point of contrary flexure ; but if the number be 
even, tfils point is not a point of contrary flexure. 

Ex. 1. Let the equation to a curve be ^ = -7, 
then^or/.</,(x)=^. 
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dd/ ^x 

and rf#or/'.0(x) = -,. 

Here, when a?=:0, we have y^0(a:)=O, while 
f^'<p{x) remains positive; hence^ the point, whose 
, abscissa = 0, is a point of contrary flexure. 

x^ 
Ex. 2. Let the equation to a curve be 3^ = -^ > 



,, dy 43? 




12. a?' 




J d*V 24 









Hence, at the point where a? = 0, f^'<f>{^)^ and 
y^0(a?)=O, but/*. 9(x) remains finite ; hence, this 
point is not a point of contrary flexure. 

If the equation to a curve had been y s= — 5^, 

we should have had 

dy _ (2n+l)x^'* rf^ _ 2n.(2n + l)3?^"' 
di "" a*» ' rfj?^ "" a*" 

(P j( _ (2w-l) 2n.(2n + l)a^'^ 
d^^ o*» 

, 1 , d*"+'y 1.2.3 (2W+1) 

and at length j^ = -^^ . 

Hence, each of the differential coefficients, 

rMx), f<t>{x), f\<t>{x) :r.<^(^). 
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becomes equal to nothings when x — 0, and as the 
number of these coefficients is odd^ the pointy whose 
abscissa =0, must be a point of contrary flexure. 
In the same manner it might have been shown^ that 

if the equation to a curve had been y = -xT^rf , there 

would have been no point of contrary flexure, when 

J?=:0. 

Cor. 4. It has been already observed^ that there 
may be points, in which Taylor's theorem fedh, 
owing to some of the differential coefficients becoming 
infinite. When this theorem is applied to express 
the relation between the corresponding increments 
of the co-ordinates trf curves, the points, where it 
fails, are frequently points of contrary flexure. Take, 
for example, the curve whose equation is 

then zji = ^ r » and -7^ = g . 

Here we may observe, that while {x) is less than (a), 
f^.^{x) is positive; and, therefore, the curve is 
convex; and, when {x) is greater than {0)9 J^<l>{x) 
is negative, and, therefore, the curve is concave; 
and, consequently, there must be a point of contrary 
flexure, when x=^a. Here, however, y^.^(jc) does 
not vanish, but becomes infinite. If, however, in- 
stead of considering (y) as a function of (a?), we had 
considered (x) as a function of (y), and had differ- 
entiated accordingly, we should have had 

and hence. 
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dx d^ X 

^ = 3i/\ and -^ = 6y^6. (x- a)*, 

and -7—,- = o. 

Where, since none of the differential coefficients 

become infinite, when x = a/and .-.^ = 0, Taylor's 

theorem will not fail, and, consequently, since, when 

d^ X d^ X 

ar=fl. --— - = 0, and t^. remains finite, there will be 
dy^ dy^ ' 

a point of contrary flexure, when j? = a. 

Again, take for an example the curve, whose 
equation is 

then ;i^ == 5 .(x-fl)% and '^ 



dx :^ ^ ^ ' dx^ 9 ' (x-a)** 

Here, as in the former example, we may observe, 
that the curve is concave or convex, according as 
{x) is less or greater than (a) ; and, consequently, 
when J?=a, there is a point of contrary flexure. But 
at this point /^. (p (x) does not vanish, but becomes 
infinite ; and, consequently, Taylor's theorem fails. 
If, however, we consider {x) as a function of (y), 
we have 

y3 = (a? — ay, and x =y^ + a ; hence, 
dx 3 , d^x 6 



and 



dy^ bjp' dy^ 2by^' 

heoce, when x^a, and y = O, these differential 
coefficients become both infinite ; and, consequently, 



1S8 



Taylor's theorem again fails. In such cases as this, 
in order to determine whether there is a point of 
contrary flexure^ when f^ (pipe) becomes infinite^ we 
must observe whether this differential coefficient 
changes its sign, as it passes through infinity. 



Prop. XLIV. * 

The area of a curve, corresponding to any ah- 
scisstty has its differential coefficient equal to the 
ordinate. 

Let APQ be a curve, 
ANn its abscissa, PiV, Qn 
two ordinates ; complete 
the rectangles Pw, QN; 
let AN=zXy PN^y, and 
Nn = A, and suppose the ordinate PN^ and the area 
APN to be represented by the symbols <(>{x) and 
y\f {x) respectively. 

Then the area QPNn =^^{x+h)-y\f{x) 




=f.yl^{x).h+f\yl.{x)^+&c. 
The rectangle Pn=PN.Nn^^{x) .h. 



(A). 



The rectangle QiV= Qn . nN =0 (x + A) . A 



=(p{x) .h+f.^{x) .A' + Ac. 



[B), 



but the area QPNn lies between the rectangles 
Pn and QN% hence, the series {A) lies between the 
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quantity if> (x) h, and the series (fi) ; and, therefore^ 
(by Prop. 13. Cor. 2.), we have 



Cor. 1. Hence, — T = !/9 

and .'. d.y\f{x)=^ydx, 

Ex. 1. In the common pa- 
rabola^ we have 

y^:szAaXy .-. ^ = 2 a^x^ 

.*. ydx=^2a^a^dxy 

or d.>/^(x) = 2a*a:*dx. 
If we were to differentiate the quantity 



M 


A 

P^ 






n 


B 


n 





\^SN 



4aSx^ 



, we 



should find 



d. 



4 a* a?* _ 4 a* 
3 ~ 



.dx^^2a^o(^dx. 



Here we may observe^ that both >// (j?) and 



4 a* J?* 
~3 



have the same differential coefficient; and, conse- 
quently, (by Prop. 24.), their differience is constant, 

4 a* a?* 



and .'. "^{x) = 



+ c. 



M). 



where C is constant. The value of C must be 
determined from the nature of the problem. In the 
present example, let y\f {x) represent the area OPN, 
where ON=:x, and PN^y; then, since the equa- 
tion {A) holds good, whatever be the value of (a?), 
if we suppose x=0, the area PONy or >\f{x) will=o ; 

R 
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and, therefore^ in this case (C) must = 0; /. C always 
= ; hence, in general^ 



ylr(x) = 



4a^x* 2x , , 2xy 

= — . 2aM = —^ 

3 3 3 



or the area of the parabola PON = - . rectangle 

PN.NO. 

Prom this example we may see, that the areas of 
all curves, in which it is possible to express (y) in 
terms of (a?), might be found, if we could always find 
a function of (x), whose differential =yrfx. The 
process, by which such functions are found, is called 
integration, and the investigation of it belongs to the 
integral, and not to the differential, calculus. 

Cor. 2. If AOP be the sector 
of a circle, whose radius OA^a, 
versed sine AN=x, 

then d.{AOP)^ '^^^'^ 




2 ^2ax — x^' 



Let y = PN, 



then area APO = area -4PiV+ triangle PNO; 
.-. d.APO ^ i/dx+d.[ ^ '^''^^^^ } 



^ ydx -k- 



dy.{a-x)+ydx 



__ ydx+ady-'-xdy 



2 



but y = /v/2fla? — a?*; /. dy == 



a-^x 



fj^ax^3? 
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(a^xYdx 



2 1^ sJ^ax-x^) 



dx 



a' 



>/2 
ddx 



2 \j2ax-3(^ 2sj2ax-x^' 

Cor. 3. If we suppose 
the curve JPQ in the 
figure to this proposition to 
represent the circular end 
of a cylinder, whose lehgth 
=5 (c), and if we represent the content of that part 
of the cylinder^ which stands upon the curved area 
APN, by >l^\x), we have that part of the cylinder, 
which stands upon the area QPNn 




= yl/.{x + h)-ylf'{x) 



h' 



=/>/.'. {x) h +r. i^' (x)j-^ + &c. ( c). 

But the content of a parallelopiped standing upon 
the rectangle Pw, and having its length = length of 
the»cylinder = c^ will equal cyhs^c ,(j>{x)h. 

And the content of a parallopiped standing upon 
the rectangle QN, and having its length =c, will 
equal 

c.0(a?+A) .h 

^c.<f>{x) .h+c ./. (x) h^ + &c. (/}). 

Now the content of that part of the cylinder, which 
stands upon the area QPNn^ lies between the con- 
tents of these two parallelopipeds ; and, therefore, 
the series (C) will lie between the quantity c(f) (x)h, 
and the series (D), and, consequently^ 

/ . ^Z'' (^) = c . (x) = c ./. >/. {x) ^f.cyff {x) ; 
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that is, y}/ (x) and c.ylf{x) are two functions of (x), 
which have the same differential coefficient ; and^ 
therefore, the difference between them is constant ; 
hutj whena? = 0, they both=0; and, therefore, their 
difference then=:0; and, consequently, their differ- 
ence always = ; hence» yf/ (x) always = c.>^ (x). 
Now, supposing {x) to become = radius of the circle, 
yiy{x) then = one fourth of the content of the 
cylinder, and >//(x)=area of the quadrant; hence, 

content of cylinder ^ ,, , , 
— 2 — = c X area of the quadrant ; 

•*. content of the cylinder = its length x area of its 
circular end; as has been proved, (Prop. 6.). 

Cor. 4. An approximate 
value of the area of any curve 
may be found by the differential 
calculus only. 

Let BAO be any curve, let 
BE = x, EM=y =0(^), and 
area BEM-y^{x), and let EF 
= A. 

then ^(a+A) — ^(j?) or area EMLF 

^f.ylr{cc).h+f\yl.{x)~^+&c. 







^ 




Y~ 




/ 


L 




1 


M 




i 

\ 




F ( 








= 0(x).A+/.0(j?)y-^ + &c.; 

hence, having found the differential coefficients of 
(a:), we may, by taking (^) so small, that the series 
converges rapidly, calculate, to any required degree 
of accuracy, the area EMLF. 

Again, making xz=:BF, and h^FG, we may, in 
the same manner, calculate the area FLKG; and 
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thos^ if the area BAO be divided into any number of 
parts by the parallel ordinates ME, LFy &c., the 
areas^ included between these ordinates may be 
calculated; and, therefore^ the whole area may be 
found. 

There are many artifices, by which this calcu- 
lation may be facilitated; a knowledge of these 
artifices is necessary to such as intend to make 
Mathematics the study of their life^ but is useless to 
those, who only consider them as the means, by 
which their minds may be strengthened^ and thus 
better qualified to enter upon the studies of after 
life. 



Prop. XLV. 

The length of a curve, corresponding to any 
abscissa, has its differential coefficient at any point 
equal to the secant of the angle, which the tangent 
to the curve at that point makes with the horizontal 
axis. 

Let APQ be the curve, and (having made the 
same construction as before), join PQ, let the arc 




T*' jjf :nr 



Then the arc PQ=<pl{x+h)-<f>'{x) 

=/0' (x) h +/*. ^' (x) h? + &c. (^). 
Now, (by Axioms, p. 113.), the arc PQ is less than 
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(PR+RQ) and greater than the chord PQ. But 
(chord PQ + RQ) is greater than PR; therefore, 
the chord PQ is greater than (PR — RQ); hence, 
a fortiori, the arc PQ is greater than (PR'-RQ) ; 
and^ consequently, it lies between (PR + RQ) and 
iPR-RQl 

but, PR- Pit . sec RPir^^h . sec 9 

(0 being the angle PTN). 

Also, /Jw = (a?) + tan 9.h^<fi{x)+f.^{x) .h, 
and Qre=^(x+A) ' 

, = (Of) +/ W •h+f.<p{x).^ + &c. ; 

also Qi2=i2n — Qn 

hence, PR+RQ = sec .h-fK<p {x) -^ - &c. [B), 

and Pil-iJQ = sec0.A+/*.^(a?)— +&C. (C). 

But, since the arc PQ lies between (PR+RQ) 
and (PJS-jRQ), the series (^) lies between the 
series (B) and (C); and, therefore, (by Prop. 13. 
Cor. 1 .), /. (j) (x) = sec 0. 



,2 



Cor. 1. Since sec^0= l +tan*0=l +;pi, we 



have 



/-:?(J}1< or g = I + g: 
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and hence, d8^=dx^+dy^; 

.\ds = ^/dFTdyl^=dxVl+'^^dyyi+^. 

Cor. 2. Hence, if (s) be the arc of a circle 
whose radius is (a), and versed sine (a?), we have 

, adx 

ds = 



V^^^^^^*' 



^ / , (a-^x).dx 

for tf==y/2ax''x'; .\ dy = -y=^^^=p; 

/. dy'+dx' or ds^^dx'' {J^^H^^+i] 



2Jf^2 



a^dx 



2ax^x^* 



- adx 

:. ds = 



Cor. 3. Hence, the area of a circle -4PjBs3 
the rectangle contained by a straight line equal to 
its semi-circumference APB, and the radius AO. 

Let AO = a, AN^^x, AP- s, 
and the area of the sector PA0=^8, 
then, (by Cor. to former Prop.), a^ j^ q 

^^ a'dx a . .as 

2^2ax-x- 2 2 

Hence, S and — , are two functions of (a?), which 

have the same differential coefficient ; and, therefore, 
the difference between them is constant ; but, when 
X =i), S and (s) both = o ; and, therefore, the differ- 
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ence then = ; and, therefore, S and — must always 

be equal. Now, suppose [%) to be the semi-circum- 
ference APB, then S equal half the area of the 
circle; hence, 

area of circle _ a x semi-circumference APB 

or area of circle = radius x semi-circumference. 

CoR. 4. Since ira = semi-circumference APB, 
the area of the circle = Tra*, (as was proved. Prop. 39.). 

Cor. 5 . If a = 1 , the area of the circle = ir ; that 
is, the same number^ which represents the length of 
the semi-circumference of a circle, whose radius is 
unity, will also represent its area. 

Cor. 6. Hence, the content of a cylinder, whose 
length is (c), and radius (fl)=7ra^c, for ira^ repre- 
sents the area of its semi-circular end. 

Ex. 1. To find the length of a curve, whose 
equation is 

y = ^2aar-a^-fa .ver. sin~^- , 

differentiating this equation, we have 

- ia-x)dx adx 



^2ax-3^ sj^ax — x^ 



{2a-x)dx ./2a^x . 

■~ /t: 2 "" V •ax y 

hj^ax-^x X 

* O 19 -• fl -m i tjbX 

.\ as zizdxr. — : /. ds^^2a-r , 

X ^ x^ 
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djC i I 

but d.2xi = —r; •. rfs = v 2(i.d.2jrJ 



^d.2^2ax. 



Hence, («) and ^sJYax are two functions of {x), 
which have the same differential ; and, consequently, 
their difference is constant; but when ar=^0, if we 
suppose 9 = 0^ their difference will then « o ; and, 

therefore, it will always = 0, or s = 2 v^'iai = twice 
the chord of an arc, whose versed sine is (a?), and 
radius sa^ When xs=2a, (s) becomes the length 
of the cprve, and ^ Aa. The length of that part 
of the curve, which lies on the other side of the axis, 
along which (x) is measured, also = 4a; and, there- 
fore, the whole length = 8 a. This curve is the 
cycloid. 

Ex. 2. To find the length of an arc of ail 
ellipse, whose axis-major = 2 a, and whose eccentricity 

Here y = ^ 7^^=^; .'. dy = ^^^^; 
. , \ ~ir~''^ \ , , (a*-cV)rfa;V 



.•. ds =s da; V — ^j 5- 
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therefore s= a function of (a*), whose differential is 

dx V — 5 5- . This function cannot be expressed 

in finite algebraical terms. If 6 = 0, the ellipse 
becomes a circle, and ds = — r . • - , as before 
proved. 

Prop. XLVI. 

If a curve APQ recohoes about its abscissa ANn 
as an. axis, the differential coefficient of the solid 
content, traced out hy the revolution of the area 

APN = TT . PN\ 

Let "^'{x) represent 
this solid content, and, 
using the same figure as 
before, complete the rect- 
angles Pn, QN; then, sup- 
posing the curve to revolve, the content, generated 
by the revolution of the curved area QPNn 

=/. y|^^{x)h+f\^|.'{x) • y^ + &c. (^). 

The cylinder generated by the revolution of the 
rectangle Pn equals •n-i/'h or •r. {^{x)}''.h. 

And the cylinder generated by the rectangle 
QN=ir.Qn'.h. 




.= ->r.{<l>{x+h)Y.h 



A* 



= ir.{[<t>'{x)y.h + 2.<p(x) ./. (x) . A»+&c. } (5). 
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Now the content^ generated by the curve^ lies 
between these two cylinders; .'. the series (^) lies 
between the quantity w \<t>{op) }*A, and the series (B) ; 
hence, (by Prop. 13. Cor. 2.) 

Cor. 1 . Hence^ ^ = ttv'^ ; 

ax 

Ex. 1. If the curve is a parabola, we have 
y^4ax; hence, 

that is, the content of the solid^ generated by the 
revolution of the parabola, and the quantity 2irax'^, 
are two functions of {x), which have the same 
diflerential, and, therefore, the difference between 
them is constant ; but this difference = 0^ when x = ; 
and, therefore, the content of the solid = 27raj?* = 

*irU^ X 1 

— ^ — = - content of a cylinder, whose length = 

2 2 ^ . * • . 

length of the parabola, and whose radius = radius 
of its base. 

This content might have been found merely by 
differentiation. For the content generated by the 
revolution of the curved area QJPNn 

=/>^' (*•) . A +r . >^' (X) ^ + &c., 

but, in this case, /•<]/ {x) = vy^ =i4wax; 
hence, /'>//' (x) or '-^'7 ^^' = 4 7ra, 
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a constant quantity ; and, therefore^ all the other 
differential coefficients vanish^ (by Prop. 1 9.) Hence, 

the solid due to QPNn — 4iraxh + 4ir^.'' — -, 

1 • 2 

which being true, whatever be the value of {x)s 
suppose x^Oy then h=^An, and the solid generated 
by the area APQn=^2irah\ and writing (x) for {k), 
the solid generated by the area, which corresponds 

to the abscissa (x)=i2wax^ = "^ " ■ , as before. 

Ex. 2. To find the content of a sphere, by 
differentiation. 

Here, y* = 2 aa? - a?' ; hence, fyj/' (x) = tt , {2ax - a?*) ; 

••• /*• ^' (^) = T (2 a - 2x), and f^. ^' (x) « - 27r. 
Hence, solid due to QPNn 

= w- \(2ax'^x^)h + (2a-2x).-—' — 2. — — -[. 
l^ ^ ^ ^ 1.2 1.2.3) 

Now, let j?=:0, then (A) becomes =s^n, and the area 
QPNn becomes the area APQn. 

Hence, the content due to the area APQn 



and making As 2 a, we have the whole content of 
the sphere 

Now, if a cylinder be described about this sphere, 
the radius of this cylinder will = a, and its length = 2 a; 
and, therefore, its content = 2 Tra^. 
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Hence, content of sphere : contient of circum- 
scribing cylinder :: 2 : 3. 

Ex. 3. To find the content of a cone by differ- 
entiation. 

Let (c) be the altitude of the cone, and (a) the 
radius of its base^ then the equation to it is 



y = -j?; .-. y = 



c - c» ' 



hence, /. V' {x) = -^?~ ; '.'. f*^ i^) = — ^ ; 

and/«^(x) =--?-; 

hence^ while (x) increases by (A), the quantity, by 
which yj/ {x), or the content of the cone increases^ is 






.9 



e 1.2 c' 1.2.3 

Now, to find the whole content^ suppose {x) to in- 
crease from O^ till itsc, then making xsO, and 
A = e, we have 

the whole content = — § — • ■: — tt^ = ~-;; — • 

c* 1.2.3 3 

Hence, the content of a cone is equal to one-third of 
the content of its circumscribing cylinder. 



Prop. XLVIL 

If a curve revolves abotU its abscissa ANn, as 
an axis J and if the arc APss, and the surface 
generated by the revolution of it = S, there results 
the equation 

d.S«27r.PN.d8. 
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Let Q^n (See Fig. Prop. 46.) be w ordinate 
parallel to PN, and let Nn = h. Then the sarface 
generated by the revolution of the arc PQ, will equal 
the series 

The curved surface of a cylinder, whose length 
equals the arc PQ, and whose radius = PN = y, 
is, (by Prop. 37. Cor. 4,) equal to 2ir^x arc PQ. 

But the arc PQ = 4^ . A + ^ . — + &c. (M). 

dx daf I .2 ^ ^ 

Hence, the surface of this cylinder is equal to the 
series - 

(ds , d^8 A* "v , »>v 

• 

Also the curved surface of a cylinder, whose length 
equals the arc PQ, and whose radius equals Qn, is 
equal to 2 tt . Qn . arc PQ. 

B«ta«=3,+|.A+g.^+4c m 

Hence, the curved surface of this latter cylinder is 
equal to 2ir x the product of the two series (M) 

and (iV), or 

Now, since (by the third Axiom), the surface of 
the solid lies between these two cylinders, the series 
(A) must lie between the series (B), and the series 
(C) ; hence. 
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T— = —j^ — ; and /. a. S=^2iryd$. 

Cor. 1. Since d% = sj dy^-^dx^, we have 

dS = 2 Try . .^/rfyNhd^. 
Ex. 1. To find the surface of a sphere. 

TT > adx adx , , 

Here ds = — , = : /. yds^^adx; 

y/2ax-x' y ^ 

.". ^.^(which = 2'n'yd8) — 2wadx=zd.(2wax); 

hence, S and 27rax are two functions of (x) wtiich 
have the same differential coefficient ; and^ therefore, 
their difference is constant; but when a? =0, 5'=0; 
and^ therefore, their difference then = 0; hence, it 
always = 0; and, consequently, 8=2irax^ and when 
x^2a, the whole surface becomes = 4x0*; hence, 
the whole surface of a sphere equal four times the 
area of one of its great circles. 



SECT. VI. 



ON SPIRALS. 



There are many curves, the form and properties 
of which are not determined by an equation between 
two co-ordinates^ referred to rectangular axes^ but 
by an equation expressing the relation which sub- 
sists between the length of a straight line, drawn 
from a given pointy and the angle^ which this straight 
line makes with another given straight line, drawn 
from the same point. Such curves are called Spirals. 

Let 8 be a given point, SL a 
given straight line^ then^ if other 
straight lines, as SP, be drawn 
from S, whose lengths are func- 
tions of the angles LSP, which 
they make with SL, the locus of the points P will 
be a curve, and this curve is, by the definition, a 
spiral. 

Since SP may be supposed to revolve round S, 
we may imagine it to complete a revolution, and to 
be again brought into the position SP ; then pro- 
ducing SP, if necessary, and taking SP, the same 
function of the angle {LSP + 2w), that 5P is of 
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the angle LSP, P' will be another point in the 
curve. Again, supposing SP to complete another 
revolution^ we may find other points in SP produced; 
which belong to the spiral. 

In some spirals^ there is no limit to the number 
of revolutions, which SP must make^ in order to 
complete the curve, in others^ the angle LSP never 
exceeds a certain limit. 

D£F. The point >S is generally termed the pole. 

Def. The line SL is generalljf termed the 
initial line. 

Djsf. The line SP is termed the radius vector 
of th^ spiral, and is generally represented by the 
Gre^k letter (/»). 

Def. The angle LSP is termed the spiral angle, 
and is generally represented by the Greek letter {$). 

Def. The equation, which expresses the re- 
lation between (p) and (0), is termed the equation to 
the spiral^ and may be represented under the general 
form 

{9) being the symbol, which expresses the function^ 
that (p) is of (d). 

It is manifest^ that since SP is a function of the 
ang^e LSP, the area of the spiral, its length, its 
perpendicular upon the tangent^ &c. are all functions 
of the angle LSP; and as such they will always be 
regarded in the following propositions. 

Whenever in this, and in the eighth Section, we 
speak of the differential coefficients of any of these 
quantities, we mean their differential coefficients, 
when considered as functions of the angle LSP or (6). 



rfy 
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Prop. XLVIIL 




If p^<f>{9) he the equation to any spiral, and if, 
when R and ( — 0), {the latter being negative,) art 
mhstituted m this equation for (p) and ($) re- 
epectively, th^ terms of the equcdim ure fu^Ued ; 
ike angle, which the radius vector (R) inakes wUk 
the initial line, is equal to (9), but lies on the conr 
trary side of the initial line to thaty on which the 
positive angles are measured. 

hetpAP be a spiral^ S its 
pole, 8L its initial line, SP 
any radius vector = p, the 
angle LSP=^e, then by the 
supposition^ p = ^(d). At 
the point S, make the angle 
LSp = 0, and Sp==:R, then, 
what we have to prove is, that {p) is a point in the 
spiral. 

At the point 8 make any angle LSI greater than 
e, and suppose it=a, and let the angle lSP = ff, 

then e' = 0+ a, and .-. O^ff-a, 

hut p^(f>{9); hetice, p = (!> (6' - a) . 

This equation will represent the relation between 
theiudius vector 8P, and the angle ISP, when this 
angle is g^reater than ISh, or, in other words^ it will 
be the equation to that part of the spiral^ which 
lies on the positive side of Sid, when SI is taken for 
the initial line. But, since the spiral is a regular 
curve, it is determinedly the same equation through- 
out ; hence, the equation 
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will represent the relation between the faditis vector, 
and the angle it makes \irith /S'Zy in that part of the 
spiral^ which lies between SL and SI, where the angle 
{ff) is positive^ but less than (a), Now in the equs^tion 

r 

substitute the angle ISp, which :;^ a — 9 for {ff), then 
we have 

Hence, when the spiral is referred to SI as its initial 
line, the radius vector, which corresponds to the 
^ug\e lSp=:R:=iSp; and, therefore, {p) is a point 
in the spiral. 

Cor. 1. Hence, if a point (p') be taken in the 
line SP, 6\ith that Sp' is the same function of 
-(2^— ey, that SP is of {9), p' is a point in the 
spiral. 

It is manifest, that all regular curves may be 
considered either as spirals, or as curves referred to 
rectangular axes, since the difference between spirals 
and other curves does ndt arise from the nature of 
the curves themselves, but from the methods we make 
use of, to ascertain their properties. 

Thus, if a parabola be considered as a common 
curve, its equation is y^^AaXy where (d?) is the 
abscissa, measured along the principal diameter as 
an horizontal axis, from the vertex as first point, and 
{y) the ordinate to this abscissa ; but if the parabola 

Q 

be considered as. a spiral, p^a sec^ ^^ (p) being the 

radius vector measured from the focus, and (0) the 
angle which is contained between SP, and the line 
joining the focus and the vertex. 
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Let OP be a parabola, S its 
focus, and also its pde, SO the 
initial line, where O is the ver- 
tex; then, if SO^a, PN^y, 
ONszx SP=p, and the angle 
OSJP=0, there will result these equations, 

y* = 4aar, 

y=/o.sin 6j 

xssa— /o.cos d; 

whence, elinninating (x) and (^), we have 

p^a. sec^ - . 

Prop. XLIX. 

Having given the position of the pole^ to find 
the differential coefficients of the radius vector of 
a straight Une, when considered as a spiral. 

Let LP be the given straight 
line, considered as a spiral, S 
the pole, SY a perpendicular 
upon LP, SR\ SP, SR three 
radii vectores, having the angle 
/r.yP = the angle /l-yP. 

Suppose SY the initial line, and let the spiral 
angle YSP^e, and each of the angles RSP, RSP 
= i; then SP or (p) manifestly 

:=^SYy^ sec 9 =/> . sec e, (if 5F=/>) ; 

hence, SR =p . sec (0+ c) 

f ^ . d.sec© 

=p jsec + Tz: — . I 




d* (sec 0) 



de 



|2 



1.3 



+ 



dd 

&C.I 
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=»p. {sec d + sec 0.tan 0.(i) 

+8ece.(2 tan'd+1) + &c.} 

as appears by actual differentiation ; now, if the coeffi- 
cients of the different powers of (i), thus found, be 
represented by -^i, A^, Ast &c. respectively, we have 

SR ^p + A^p {i) + A^p.~^ + ^3 .p. Y7^^ + &c- 

And similarly, 

CoR. 1. Hence also the differential coefficients 
of the length of the straight line YP may be found ; 
for PF==:/iitan 0; hence, 

iiF=p.tan(0 + i) 

( ^ , d.tanfl,. rf«tan0 *" o 1 

=p,Uand + sec'd.(O + 2.tan0.sec*0.-^ — h&c.j, 

as appears by actual differentiation^ and representing 
the coefficients of the different powers of (c) by jB„ 
J?2, Bg, &c., we have 

YR=p[tane+B,{i)+B,.:^+B,.j~-^+&cj. 

\ 

\ 

And, similarly, 
rir =p . [tan - A, (') + ^s 7^ - -Bg .j-^ + &c.|, 
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Cor. 2. Hence, PH=pB, {0+i>B,. 



Prop. L. 

To draw a tangent to a spired. 

Let SPQ be a spiral, 
YPR a tangent at any point 
P, SQR, SQTR, two radii 
vectores produced to meet the 
tangent in R and R, S¥ a 
perpendicular upon tbe tan- 
gent,£/ytheinitialline. Let /i 

the angle LSP=e, the angle ityP* Uie angle 
RfSP=h the angle YSP'^ff, SP=^p, mi let the 
equation to the spiral be p=^{6); 

then SQ=<j>.(e+i) 

=*(0)+/.0(e).(.)+/'.9>(e).y^+ &c. 

Similarly, SQ^ = ^{e) ~f.<p($).i+f\,f,{e).— _&c. 
BatSR=^p-i-^ip.t+A^p.~^ + &c. 

and SR = p—Aip.t + A,p.~ — - - &c. 

Now, since YP i» a tangent to the spiral, if SR be 
greater than SQ, SRf is greater than Sf^, and if 
less, less. 

First, let SR be greater than SO, thSn SR-SQ 
is positive, but SR — SQ is represented by tbe series 
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Hence^ this series is positive; and, consequently, 
A^p cannot be less than/. 0(d). 

Again;, SR - SQ^ is positive, but it is represented 
by the series 

{/.^(e)-^,/,}..+{^,p-/*.0(e)} . j1^ - &c. 

Hence^ this series is positive; and, therefore, A^p 
cannot be greater than/. <p {9) ; and, consequently, 

/.0(e) or 3^ = A^p^isLii fl'.sec ffp, (Prop. 49.) 

= p . tan ff ; 
. dp , 



fidd 



tan 0^= co-tan ^SPY. 



Hence, if at the point P, we draw a straight line 
PYy making an angle with the radius vector, whose 

co-tangent = -"-^^ this line will be a tangent to the 

spiral, (provided the spiral s^dmits a tangent at thai 
point). 

Cor. 1. If iSK the perpendicular upon the tan- 
gent =/?, we have 

Pssp , COS U = — . = =s — . , = . 

Ex. I . To draw a tangent to the spiral of Ar- 
cl;i.Miiedes. 

llece p =5 «d, (41 beiiig constant) ; hence, . 



• 



!52 

dp a 






• • -»^i -~ » 



.de 



1 

henc6, the' tangent of the angle SPY is equal ^ . 



, , a 



Also P-^^.^^^ap' - V7+F»- 

Ex. 2. To dra)v a tangent to the hyperbolic 
spiral. ; 

Here0 = ?; dd=^l^; ...-if^^-fi. 
/) p^ p.dd a 

hence, the tangent of the angle SPY^ — - . 

P 

• * 

Ex. 3. To draw a tsingent to the parabola. 

„ ,e dp ^ e 

Here p =« . sec* - ; .*. — ^ = tan - . 
'^ 2 ^.rfe 2 

Hence it appears, that the perpendicular upon the 
tangent to any point bisects the spiral angle to that 
point; also, 

_ p^rffl y — 

^ - ^P^d0^+dp^ ^ y^""' 

Ex. 4. To draw a tangent to the logantfatnic 
spiral. 

Here p^a ; /. hyp. log. /o == . hyp. log. a; 
... -^ = hyp. log. (a). 

Hence, the tangent of the an£:le SPYss^ — —-^ 

^ ^ hyp.log.(«) 

and is constant ; and, therefore^ all the radii vectores 
are equally inclined to their corresponding tangents. 
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Hence, this curve is called the equiangular spiral. 

< 

Also. » = # — s '^ 

'^ Vj^d^+V n/p'+p'- {hyp. log. (a)}' 



Vl + jhyp.Iog.Ca)}*' 

hence, the ratio of SY to SP in this curve is a con- 
stant ratio. 

^ „ „ i -jyd¥+d? 

Cor. 2. Hence, - = ^ ^ , , ' ■ ^ : 

. 1 -1+ '^/'' 



Cor. 3. Hence, dO = — ^==£==; and, con- 

sequently, if we know (p) in terms of (/»), we may, 
by integration, find the value of 0. 

CoR. 4. Since /. <^ (6) - ^i p = 0, 5iJ - iSQ or 
QR is equal to series 

or, «*-n3 + ^TT:3 +&C. (D), 
if we assume R^^ R^, &c. equal to the coefficients of 



i' 



, &c. respectively ; and, similarly, 



1.21.2.3 ay^>r^ 






Cor. 5. Hence, a spiral admits only one tan- 
gent at one point. For it has been shown, that if 
PF be a tangent, the angle SPY must be one, 

U 
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whose co-tangent = — — ; and, therefore, no other 

p . cLu 

straight line, which makes with iSP a greater era 

less angle, can be a tangent. 

CoR. 6. Hence, a spiral does admit a tangent^ 
when iZg is a finite positive or negative quantity. 
For if R^ be finite and positive^ the value of (i) may 
be so diminished^ that the first term in each of the 
series (D) and (E) shall be greater than the sum of 
all the rest. Hence, both SR^SQ, and SRf-SQ^ 
will then be positive; consequently, SR and SR' 
will be greater than SQ and SQ^ respectively; and, 
therefore, both Q and Q' will lie between the straight 
line YPR and the pole; and, therefore, YPR 
cannot cut the spiral at P ; and, therefore, it is a 
tangent. 

Cor. 7. A spiral will not admit a tangent at 
those points, where A^p =y^. (9) or R2 = 0. 

For, in that case, 
SR-SQ= R^.-l-+R, '\ +&C. (G), 

\ , 2 .0 1.2.0.4 

and 

*ir-SQ' = -R,.i45+ft..:r-5^-&c. (K). 

Now when R^ is positive, if (t) be sufficiently dimi- 
nisJiied. the series (G) will be positive ; and, therefore, 
SR will be greater than SQ; and, therefore, the 
point R will lie without the spiral. Again, the series 
("A") will be negative ; hence, SR will be less than 
SQ I and, therefore, R will lie within the spiral. 
Hence, the line RPR must cut the spiral. The 
same proof would have applied if R^ had been 
negative. 
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Cor. 8, If, however^ we have the two equations 

Jop=f\^(e) or i?2 = 0, 

and A.^p —p . (l> {0) or i?3 = 0, 
then the spiral will admit a tangent. 
For, in that case, we shall have 

and 

SK - SQf^R^. —^ R, . '^ — +&C. (M). 

^ ^ 1.2.3.4 ^ 1.2.3.4.5 ^ ^ 

Now, if U4be positive, and (i) sufficiently diminished, 
both these series will be positive; and, therefore^ 
SR and SR will be greater than SQ and SQf re- 
spectively ; and, therefore, RPR will be a tangent. 

CoE. 9. In a similar way it may be shown, that, 
if the number of the coefficients 

/J3, iia, /J4, &C., 

which vanish at any point, be odd, the curve does not 
admit a tangent, and that, if the number be even, it 
does. 

CoR^ 10. Hence, if two spirals, referred to the 
same pole, have at any point a common tangent, the 
first ditferential coefficientsof their radii vectores must^ 
at that point, be equal. For at that point, since 
their radii vectores, and their tangents coincide, (p) 

and — ^, and, consequently, -^ must be the same 

in both. 

Cor. U. Hence, if two spirals, referred to the 
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dp 



same pole^ touch each other internally, -f^ is the same 

in both. For in this case the spirals have a common 
tangent. 

D£F. A spiral is said to be concave at any pdint 
when the parts of it^ immediately adjacent to that 
pointy lie between the pole, and the tangent to that 
point. 

Def. a spiral is said to be convex at any point, 
when the tangent to that point lies between the pole 
and the arcs, immediately adjacent to that point. 

D£F. If^ while the spiral angle increases, the 
spiral from being convex becomes concave^ or from 
being concave becomes convex, the point, where the 
change takes place^ is called a point of contrary 
flexure. 

If, at any point, the radius vector of a spiral 
becomes its tangent, it is manifest^ that, at this point, 
a change from convexity to concavity takes place ; 
but^ since the spiral angle does not increase during 
the change, this point is not a point of contrary 
flexure. 

Prop. LI. 

To jvnd when a spiral is convexy and when 
concave* 

Using the same figure^ construction, and nota- 
tion as before^ it appears, that . 

SR-SQ =«...Y^ + ^TTTTa + ^''' ^^^ 
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Now if the curve be concave, Q lies between R and 
S, and SR is greater than SQ ; and^ therefore, the 
series (D) is positive ; hence, R^ the coefficient of 
the first term, must be positive ; (unless it = 0). 

But R^^Ap-r'<l>(^)> 
aQ4l9^ therefore, f^^{ff) or -j^ is ]ess than A^^p, 

but A^p =p . sec ff. (2 tan* &+\) 
hence, when the spiral is concave. 



cPp . , , 2 dp* 
^ 18 less than -^ + p. 

In the same manner it may be shown, that, when the 
spiral is convex. 

Cor. I. Conversely. The spiral will be con- 
cave, or convex according as -■— is less or greater 

2d/ 

P 

Ex. 1. To find when the logarithmic spiral is 
concave, and when convex. 

Here the equation is p=:a? ; 

.-. ~ = Aa^, when -4= hyp. log. (a). 

„ 2dp^ ^ 2 A" a'' , i^ A^^.^ 9 

Hence, j^ + p = . + a^ = (2^*+ 1) a^ 



, 2 UtO 
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and -rr^, = A^a^. 
de 

Now, -^V must always be less than (2A^+l)a^; 
consequently, -v-^ must always be less than — j—- + p ; 

CLu pCLu 

and, therefore, the curve will always be concave, and 
admit no point of contrary flexure. 

Ex. 2. To find when the parabola is concave 
or convex. 

Here the equation is 
p = a. sec^ - = a . (1 +<*), (if < = tan - V 

Hence, -^ = ^at.—^at.^i+f) 

/c dt I ^e^ 



9 • 



= a (l + 3t* + 2<*). 



= |.(l+4<'+3<«), 



Now ^.(1 +4<* +3<*), 

is always less than 

o.(l+3l- + 2<^); 
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P 

and, therefore, the curve is always concave. 



consequently, -7— is always less than —7^ 4- o ; 



Ex. 3. To find when the Lituus, fo. spiral whose 
equation is = — j is concave, and when convex. 

Tj- A dp a 

tiere « = -7; .*. jt; = « > 

' Q^ de 20^ 

2dp^ _ a 



, 2dp* /I +26 
and .-. — j^, + p = a ( 5- 



rf^p 3 a 



Also, -ttS = 



Now when the spiral is concave, -— is less than 
—j^ + p ; hence, — s- is less than a ( 5— ) ; 

and .•. - is lesis than ; hence, 9^ is greater 

than - ; and, therefore, (6) is greater than - , and, 

conversely, if (9) be greater than - , the spiral is 

concave ; in the same manner it may be shown, that 

if (9) be less than - , the spiral is convex. Hence it 
appears, that there is a point of contrary flexure, 
when = - , or /o = a ^'2. 
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Cor. 2. When the spiral is concave^ p and p 
increase or decrease together; and, when the 
spiral is convex^ as one increases^ the other de- 
creases. For we have seen^ that 

1-1 _^ 
7>» "• p* "^ p^dd* ' 



dp dp dp.cPp 2df? 



2 * 



" dp-yV^pde'^W) ^'^^' 

Now, by the former Corollary it appears, that when 
the spiral is concave, the part between the brackets 

in the expression {A) is positive; hence, -^ must 

dp 

be positive; hence^ {dp) and {dp) must both have 

the same sign ; and^ consequently, as {p) increases 

or decreases^ {p) increases or decreases^. 

If the spiral had been convex, the part between 
the brackets would have been negative ; and^ con- 
sequently, -~ would have been negative; and. 



* This immediately follows from Taylor's Theorem. Sup- 
pose ip) to increase by a small quantity (Jc), and let ( p) in the 
mean time change its value to (^p), then 

p'=p + ^.^ + ^.ifc* + &c. 
^ '^ dp dp* 

dp 
Now, if the spiral be concave, ~ has been shown to be positive; 



and, consequently, if {k) be taken so small, that the term --^. k is 

greater than the sum of all the rest, {p') must be greater than (p), 
that is, as {p) increases^ ( p) also must increase. 
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therefore^ when (p) increased or decreased^ (p) would 
have decreased or increased. 

Cor. 3. Hence, if we know the equation be- 
tween (p) and (p)y we may easily determine, whether 
the spiral is concave or convex. For if, by differen- 
tiation, we find that the value of ~- is positive, the 

spiral is concave, and if -~ be negative, the spiral is 

r 

convex. 

Ex. 1 . In the parabola, we know that 

p = x/flp; 

and is always positive. Hence, the parabola is 
always concave. 

Ex. 2. In the logarithmic spiral 

_ 1 

^"'''Vi + {hyp.iog.(a)r'' 

. dp 1 

"dp ^1 + {hyp. log. (a)P' 

and is always positive ; hence^ the logarithmic spiral 
is always concave. 

Ex. 3. In the ellipse, we have, by conic sec- 
l^ions, 

dp _ adp dp _ afP 

X 
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and is always positive ; consequently^ the ellipse is 
always concave towards the pole. 

Prop. LII. 

At the points of contrary flexure in spirals, the 
perpendicular upon the tangent is a maximum or a 
minimum. 

It has been already shown in the last Corollary 
to the last Proposition^ that when the spiral is concave, 
(p) and (p) increase together; and that, when the 
spiral is convex, as {p) increases, (p) decreases. Now, 
suppose (p) to increase, then, as long as the spiral 
continues concave, (p) increases ; but, if the spiral 
from bieing concave, afterwards becomes convex, 
then, as soon as the convexity begins, (p) will begin 
to decrease ; consequently, (p) will be a maximum 
at the point where the change from concavity to 
convexity takes place, that is, at the point of contrary 
flexure. In the same manner it may be shown, that 
if the spiral be first convex, and then concave, (p) 
will be a minimum at the point of contrary flexure. 

Cob. 1. Conversely, when (p) is either a maxi- 
mum or a minimum, then [provided that (p) is neither 
a maximum nor a minimum], there is a point of con- 
trary flexure. 

Cor. 2. Hence, the points of contrary flexure 
may be thus determined. Find (p) in terms of (p), 
by means of the equation 



p' ^ p^- pHff'' 



dp f 

from thence find the value of -~ ; and the equation 

up 
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-— = O, will give the points of contrary flexure, pro- 

r 

vided that at those points the value of ~ is finite. 

Cor. 3. Though at a point of contrary flexure 
-^ = o, yet the converse is not necessarily true ; for 

dv 

■^ may = 0; and yet the corresponding point-not be 

dti 
a point of contrary flexure. For if, when ^^ = 0, 

-j-~ = O, and -T— , remains finite^ (») will not be a 
dp dp 

maximum or a minimum. 

Cor. 4. Hence, at a point of contrary flexure, 
R^=Oy or 

pde' ^^^ de'' 

Cor. 5. If at any point, the number of coeffi- 
cients R^ Rqj R^j &c. which vanish, be odd, this 
point is a point of contrary flexure. 

Cor. 6. If at any point, the number of coeffi- 
cients R^f Rq, R^, &c. which vanish^ be even, that 
point is not a point of contrary flexure. 



Prop. LIII. 

If, in any spiral, SY he a perpendicular upon 
the tangent to the point P, qYq' the curve traced out 
hy the point Y, and Sy a perpendicular upon the 
tangent to the curve qYq' at the point Y; then we 
have this proportion 

SP : SY :: SY : Sy. 
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Let SP be the spiral^ 
SL the initial line^ the angle 
LSP = e, the angle LSr=^ ff, 
SP^p. SY=^p, Sy^p'; 
then, since {p), {p') and {ff) 
are the radius vector, the 
perpendicular upon the tan- 
gent^ and the spiral angle of the spiral qY^ re 
spectively, we have^ by (Prop. 60. Cor. 2.) 







{A). 



Again, in the triangle SP Y, we have 

cos PSY or cos (0-0') =?, 

P 

(and .-. sin {9-0) = V j -^) ; 
.'. differentiating, and dividing by — sin (d — ff), 
iia ilQi - ^pdp-p^P _ pdp-pdp 



but de = 



__pdp_ 



P n// -P 



, (by Prop. 60. Cor. 3.) ; 



dp 



's/p'-P'' 



■'■%='>/p'-f- 
Substituting this value in equation (A), vfe have 

1 _2. p'-p' 
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/. ji^p^; .\ p : p :: p : /, 

or SP : SY :: SV : St/. 

Cor. 1. Hence, if we know the equation be- 
tween the radius vector^ and the perpendicular upon 
the tangent in the spiral SPy we may find the cor- 
responding equation in the spiral traced out by JT. 

Ex. 1. Suppose the first spiral to be the loga- 
rithmic spiral^ then 

_ 1 

but p' : p :: p : p 

:: 1 : ^Z 1 + 1 hy p. log. (a)}«; 



P-P 



Vi + {hyp.log. («)}^' 



That is^ the second spiral is also a logarithmic spiral 
similar to the first. 

Ex. 2. Suppose the first spiral to be a parabola. 

Here p = ^J ap\ hence, />' = «; and, consequently, 
the line traced out by Y, must be a straight line. 

Ex. 3. Suppose the first spiral to be a circle, 
whose pole lies in the circumference. Let (a) = the 
diameter of this circle, then 

» = ^, but io = ^, ; 

^ a ^ p 

u f n P^ 

hence, p = -^; .\p == — . 
^ ap^ ^ a 

Ex. 4. Let the first spiral be the equiangular 
hyperbola, having its centre for its pole. Here it 
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a" 



may easily be shown from conic sections^ that|9= — ^ 
but^ by this proposition^ 



a^ 



p : p :: p : p or — ; 

P^ 
hence, »' ^ ^ • 

This curve is sometimes termed the Lemniscate. 

p^ 
Prom the expression p' = ^ , we may find the 

equation between the spiral angle^ and the radius 
vector (p). In general. 



P'* ~ P P*- d^* ' 
Hence, in this case, 

a\_l dp^ ^ 

p' f^p'de^' 

pdp 



.\ de =: + 



xA^^' 



Where, whether we are to take the positive or the 
negative sign, depends upon the position we assume 
for the initial line. Draw a straight line bisecting 
the right angle, contained by the asymptotes of the 
hyperbola, and assume this for the initial line. It is 
manifest, that when (/>) coincides with this line, (p) 
will also coincide with it, and both (p) and (p) will 



a^ 



Now assume p^^a^x, then pdp z=i ^.dx; 
.-. dQ = - 



2\/T^x^' 
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but a .cos ""^07 = 



s/l-x^" 



:. do = ^ .d cos'^^x=d . 

2 2 



1 p^ 
= d.- COS""*— . 

2 a* 



1 o' 

Hence, (0) and - cos"* ^ have the same differential : 

and^ consequently^ their difference is constant^ now 

when p = «, cos~^— 3, = 0; but at this point = 0; 

1 p* 
hence, the difference between d and - cos~^^ = O; 

2 a* 

and, consequently, this difference always = 0; hence, 
we have 

cos-'^ = 20, or ^ = cos 20; 

and /. p^ssa^cos 20, 

which is the equation to the lemniscate. 

From this we may also find the equation to the 
lemniscate, considered as a curve, referred to rect- 
angular co-ordinates. 

Let the straight line, which we assumed for its 
initial line, as a spiral, be now assumed for its hori- 
zontal axis, and let the centre of the hyperbola be 
the first point, from which the co-ordinates are 
measured. 

Let the abscissa = ^, the ordinate =y, then we 
have the following equations. 
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X =: p . COS 0, 

y = p.sm 0, 
but cos 20= cos* - sin* 

o* J?* t/* 

or "^ = — • 

fl* p^ p^ ' 

.\ p^ or (ar'+3^«)' = a\(a?*-y). 

Prop. LIV. 

To ^wrf the differential coefficient of the length 
of a spirals 

Let SPQ, (See Fig. Prop. 33. p. l64.) be the 
spiral^ SP its radius vector = p, YPR a tangent to 
the point P, SQR another radius vector, making 
with SP an angle PSR— («), join PQ, then the arc 
PQ is greater than the chord PQ; and, therefore, 
greater than PR — QR, and it is also less than 
PR + QR, but, (by Prop. 49. Cor. 2.). 

and, (by Prop. 50. Cor, 4.), 

.: PR-{.QR=pB,{,) + (pB,-R,)^ + &c. {A), 
and PR-QRr=pB, (.) + (p 5^ - il,) -^ + &c. (B). ' 
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Now^ if the arc SP=is, we have the arc PQ, which 
is its increment^ while the spiral angle increases by 
(i), equal to the series 

But, since the arc PQ lies between PR+RQ, and 
PR — RQ, the series (C) lies between the series (A) 
and (B); hence, (by Prop. 13. Cor. 1.), we have 

— =pBi =p .sec»0'=p . sec e' ^ 1+ tan* 0' 

Cor. 1. Hence, ds = y/dp^-\-p^dd'. 

Exi 1. To find the length of the logarithmic 
spiral. 

Here p=a'; .: 6. hyp. log. (a) = hyp. log. p ; 



.-. d9 = 



1 dp 

hyp. log. a '~f ' 



But ds= Jdp'+p^de* = V rfp* + j^ — ^ 

{hyp. loj 



hyp. log. (a)}' 



= hyp.log.(«) '^^^ + ^'^yP•'»g•(^)^^ 

^^ f p.Vl + {hyp.log.(a)}'' l 
■ I hyp. log. (a) ^ ' 

hence, s and ^ ^ . — . / v are two func- 

hyp- log. (a) 

tions of {0), which have the same differential coeffi- 
cient; and, . therefore, their difference is constant. 
Now, if we suppose that when p = 0, s = 0, we have 

Y 
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V 1 + { hyp, log. («) r 

*=''• hyp. log. (fl) ' 

^"*'' = 7l+{hyp.los.(a)r^' 
hence, hyp. log. (a) = ^^~^ > 

and, consequently, s = > ' ; 

and, therefore, PY : PS :: PS : the length of the 
curve. 

Prop. LV. 

To find the differential of the area of a spiral. 

Let SPQ be a spiral, SL the /j;. 

initial line, the angle L8P = B, the 
angle PSQ=i, SP = p, and SQ 
another radius vector, from S as a 
centre at the distances SP and SQ, 
describe two circular arcs P?r, Qp. 

Then the area of the sector SPir = ^ , (Prop. 39. 

SQ\i 




2 

3 



Cor. 3.). Also, the area of the sector SQp = 
Hence, the sector SQ/> = ^ + ^ . »'+ &c. (^. 
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Now, the area SMP of the spiral, is a function 
of the angle LSP or (©), and if we represent it by 
>\f (0), we have 

area P5Q = >/. (fl+i) -y\f{e) 

=/. V^ (0) . c +f\ >|, (0) . ^ + &c. (5). 

Now, since the area PSQ lies between the sectors 
SPir^ SQpf the series (B) will lie between the series 

2 

(A)y and the quantity ^-^ ; hence. 



(^0 



.-. d.>/.(d) = 



_ P'''^ 



SECT. VII. 



ON THE CURVATURE OF CURVES, 



Def. a curve is said to have at any point a 
greater, or a less degree of curvature, according as it 
deflects more or less from the tangent to that point. 

It is manifest^ that the same curve may have 
different degrees of curvature at different points. 
In the hyperbola^ the curvature is greatest at the 
vertex ; as the distance of any point from the vertex 
increases, the form of the curve manifestly approxi- 
mates to that of a straight line ; and, consequently, 
its deviation from its tangent continually decreases, 
that is, its curvature becomes less and less. 

In the following propositions, we shall assume 
these four axioms. 

1. The curvature of the circumference of a 
circle is the same throughout. 

The truth of this is manifest. For at ^every 
point the deviation from the tangent is the same. 

2. Of two circles, the circumference of that 
which has the greater radius, has a less degree of 
curvature. The truth of this will immediately appear, 
if we suppose the circles to touch each other inter- 
nally, for in that case, the smaller circle falls entirely 
within the other, and if a tangent be drawn touching 
them at the point, where they touch each other> the 
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.deviation of the circumference of the inner circle 
from this tangent^ is manifestly greater than the 
deviation of the circumference of the other circle. 

3. If a circle and a curve have at any point a 
common tangent, and if the circle at the touching 
point falls entirely within the curve, the curvature 
of the circle at that point cannot be less than that of 
the curve. 

Thus, if the line TAT touch 
the curve CAC\ and the circle 
BAB' at the point A, and the 
two arcs AB^ AB' of the circle 
measured from A, fall both within 
the curve CAC\ it is manifest, 
that if the deviation of the circle BAB at the point 
A from the tangent TAT' be not greater*, it cer- 
tainly cannot be less than that of the curve at the 
same point ; that is, the curvature of the circle at A, 
is not less than that of the curve. 

4. If a circle and a curve have at any point a 
common tangent, and if at that point the curve falls 
entirely within the circle, the curvature of the circle 
cannot be greater than that of the curve at that point. 

Suppose the straight line T'AT 
to touch the circle BAR, and the 
curve CAC at the point A^ and let 
that pact of the curve CAC\ which 
is immediately adjacent to the point 
A, fall entirely within the circle ; then 

* A circle may be drawn touching an ellipse at the extremity 
of the axis minor, which, at the point of contact, shall fall entirely 
within the ellipse, and yet have its curvature at that point not 
greater than, but equal to, the curvature of the ellipse. If, how- 
ever, the curvature of a circle, at. that point, be less than that of 
the ellipse, the circle must fall externally. 
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it is manifest, that if at this point, the deviation of 
the curve from the tangent be not greater^ at least 
it is not less than the deviation of the circle ; and, 
consequently^ the curvature of the circle cannot be 
greater than that of the curve. 

Prop. LVI. 

Having given the fir^t and second differential 
coefficients of the ordinate of a circle, considered as 
a function of the abscissa ; to find the radius of the 
circle. 

Let the first and second differential coefficients of 
the ordinate = (/>) and (q) respectively; let r=:the 
radius of the circle, and let (a) and (/3)ssthe co- 
ordinates of the centre ; then we have, (by Prop. 10.) 

differentiating, and dividing by dx, 
differentiating again^ and dividing by dx. 

Eliminating the quantities {y -a), (j?-/3), and sub- 
stituting (p) and (q) for -^ and -~, we have 



2\3 



r"- = <!+''') 



f 



.s\» 



.•.r = +<i±£T. 
~ 9 

Where the negative sig^ is generally used. 
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CoR.i. Hence, j=-li±^*. 



Cor. 2. Hence, there cannot be two unequal 
circles, the first and second differential coefficients 
of whose ordinates at any point are respectively 
equal. 

CoR. 3. Hence, we may describe a circle touch* 
ing a given straight line at a given point, and having 
the second differential coefficient of its ordinate at 
that point equal to a given quantity. 

Let TPp be the given straight line, ANn the 
horizontal axis to which the circle is to be referred. 




P the given point, {^) the given quantity; take 
jp'stan PTN, from P draw PO perpendicular to 

TPp, and = ^^ ZT"^' ^^^ ^^^^ centre O, with 

radius PO, describe the circle A'PQ^. Then, if 
(p) and {q) be the first and second differential coeffi- 
cients of the ordinate PN, we have, (by this Prop.) 

-q -q 



A 



./*Ni 



hence, ili£l = il±l!X ■ 
-9 -9 



176 

Now p = tan PTN, (by Prop, 4l.)=p'; 
hence, g = q'; 

and, consequently, A'PQ^ will be the circle required. 

Def. If a circle A'P^' and a curve APQ*, 
have a common tangent at any point P, and lie upon 
the same side of it, and if the curvature of the curve 
at P is equal to that of the circumference of the 
circle, the circle -^"PQ'' is said to be the circle of 
curvature to the curve at P. 

Def. If PO be the radius of this circle, it is 
said to be the radius of curvature at P. 

Def. If O be the centre of this circle, it is said 
to be the centre of curvature to the point P. 

Prop. LVII. 

If, at any pointy a circle and a curve have a 
common tangent, then, according as at that point, 
the second differential coefficient of the ordinate of 
the circle is less or greater than that of the ordinate 
of the curve, the circle tviU, at that point, lie below 
or above the curve. 

het A PQ, A'P(^ be the curve, and the circle, 
having the common tangent TPp ; let ANn be the 
horizontal axis, and ^ the first point, from which 
the abscissa is measured in each. Let AN^x, 
PN=:y; take Nn = h, and erect the ordinate n Q;?, 
cutting the curve and the circle in the points Q'ahd 
Q\ Let p, q, r, &c. be the first, second, third, &c. 
differential coefficients of (^), when considered as 
the ordinate of the curve, and />', qf, r\ &c. when 
considered as the ordinate of the circle; then we have 



* See the figure to Prop. 57. Cor. 3. 
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and Qn =y+p'h + q'. ^-^ + r. j-^^-j + &c. 
Now, p=p', (by Prop. 41. Cor. 8.); hence, 

Now, if (y') be less than g, and (A) ^ sufficiently 
diminished, the series (A) is positive ; hence, Qn is 
greater than Q'n ; and, therefore, the arc PQ lies 
below PQ ; in the same manner it may be shown, 
that a small arc of the circle on the other side of P, 
lies below the arc of the curve. Hence, the circle 
falls below the curve. 

In the same way it may be shown, that if (q) be 
greater than (9), the circle falls above the curve. 

Cor. 1 . If the curve be concave, and q' less than 
9, then, since the curve and the circle lie both 
beneath the tangent, and the circle lies beneath the 
curve, the circle must fall within the curve; and, 
consequently, its curvature cannot be less than that 
of the curve. 

Cor. 2. If the curve be concave, and (9') 
greater than (9), the curvature of the circle cannot 
be greater than that of the curve. 

Cor. 3. If the curve be convex, and (j') less 
than (9), then, since the curve and the circle lie both 
above the tangent, and the circle lies beneath the 
curve, the curve must fall within the circle; and, 
therefore, the curvature of the circle cannot be 
greater than that of the curve. 

Z 
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Cor. 4. If the curve be convex, and (j') greater 
than (q), the curvature of the circle cannot be less 
than that of the curve. 

Prop. LVIII. 

If a circle and a curve have, at any pointy a 
common tangent^ and if at that point, the second 
differential coefficients of their ordinate he the same 
in bothy the circle tmll he the circle of curvature to 
the curve*. 



* The circle of curvature to any point in a curve^ has some- 
times been defined to be that cirde^ whose contact with the curre is 
such^ that no other circle can be drawn^ so as to lie between them. 

From this definition it may easily be proved^ that if the circle 
APQ! be the circle of curvature, (g') must equal (g). For if not, 
let (^) be less than (g), and (g^O some other quantity lying between 
them. Describe the circle A"PQ!\ having the second differential 
coefficient of its ordinate at P=g". Then we have 



and 






But 2? =/>'=/>', because the three curves have a common tangent« 
Hence, 

Qn- Q:'n= {q- ^').J^ + {r- r") . ~-^ + &c. (M), 

Q"«- Q« = (9 "- <i)-^+i^'- n ■ 7X3 + &<=• (^ )• 

Nt)w, (g—g") and (g"— g) are both positive; hence, if (A) be 
sufficiently diminished, Qn'-'Q"n and Q^'n-^Qn must be both 
positive; hence, Q'n will be less than Qn, and greater than 
Q'n, or G'' will lie between Q and Ct; that is, the circle A^PQ:' 
lies between the circle A'PQ' and the curve APQ; which is 
contrary to the supposition ; hence, g' must=g. 
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Suppose the curve to be concave^ then, using the 
same figure, construction, and notation as before, let, 
if possible^ the circle JUPQf be the circle of curvature 
to the curve at P, (9') being less than (y). Take 
(5^') a quantity lying between (q) and {q')^ and, (by 
Cor. 3. Prop. 56.), describe another circle A"PQ\ 
touching the line TPp at P, and having the second 
differential coefficient of its ordinate =5^". Then, 
(by Prop. 57. Cor. 1.) since (^') is less than q, the 
curvature of the circle A"PQf' is not less than that 
of the curve at P. 

Again, since (y') is less than {q')^ the circle 
APQ falls beneath^ and, consequently, within the 
circle A'PQ^'^ and, therefore, (Axiom 2.) the cur- 
vature of AP<^ is greater than that of A'PQf\ but 
the curvature of A'P.Q^* is not less than that of the 
curve ; therefore the curvature of APQ^ is greater 
than that of the curve at P. 

Hence it appears, that every circle APQ^, in 
which (j') is less than {q\ has a greater degree of 
curvature than the curve at P; and, in the same 
manner it may be shown, that if in the circle A'PQ, 
(q) had been greater than (9), this circle would have 
had a less degree of curvature, than the curve at P; 
consequently, APQ' cannot be the circle of curva- 
ture^ unless q=q. In the same manner this pro- 
position may be proved, when the curve is convex. 

CoR. 1. Hence, if R be the radius of curvature, 
we have 

-9 

For PO, the radius of the circle A'PO!^ ^^-^P') ^ 

-1 
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and if this circle is the circle of curvature, PO sz R, 

hence, R = ^i±^ . 

Ex. 1. In a parabola, y = 2a^x^; 

dv a^ 

_ d^y a* 

and q or -r^ = - -— « - 

Hence^ 12= I l + -< ) -r — -t? = — ^^^ — - • 

Ex. 2. In the logarithmic curve, y — a'; 
hence, p^A.a^^ and q = A^.a^; 

hence ^^ 0+^^0* ^ (1-^-^^)^ 
nence, /c ^ ^ ^,^, - ^ ^,^ . 

Ex. 3. In the cycloid, we have 

y =s? My2ax'-x^+a . ver sin"^ - ; 
U'-x a 



^2ax-x^ ^2ax-x'' 



2a — X 



— . ii - — — • ^ 2 fl X -"• ^ ^ 

^/2ax''X ^ 

2a ^ -a 

.;. 1 +p* = — , also q = / 

^ X sj 2ax'-x 

Hence, 12 = ( — I -4 . ^ 

V T >^ X ^2ax-o^ 

5= 2^4a* — 2flx. 
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Cor. 2. No circle can be drawn at the point P, 
whose arcs adjacent to P, fall between the curve and 
the circle of curvature. Let APQl be the circle of 
curvature^ and A"PQf' any other circle. Then 
9 =y, and if {f) be less than {q) or {q), A'Pqf' 
falls beneath both AP<X and APqi , (Prop. 57.) ; if 
{((') be greater than (9) or {([), A'*PQ!' lies above 
both APQ and APQf; and if q"^q\ A'PQ' coin- 
cides with APQ, (because there cannot be two 
unequal circles^ the first and second differentials of 
whose ordinates are at any point respectively equal). 
Hence^ in none of these three cases, can the circle 
A'PQf' lie between APQ and the curve APQ. 

m 

Cor. 3. At a point of contrary flexure, the 
radius of curvature either =0, or becomes infinite* 
For at these points {q) either =0, or is infinite. 



Prop. UX. 

If the circle of curvature to any point of a curve 
he dravMy it cuts the curve. 

Using^ the same figure and construction as before^ 
let A'PQ^' be the circle of curvature at P. Assume 




P> q> ^3 ^y &c. equal to the differential coefficients of 
PN, when considered as an ordinate of the curve^ 
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and p', q, r' , a', &c., when considered as an ordinate 
of the circle. Then we have 

Qn=j/+pA+ ^r. — + r . y-^-j + &c. 

q'n =^y+p'h + q'..^ + /. j-^-^ + &c., 
and, therefore, since /?=//, and 9 = 5^, 

First, let (r) be greater than (r'), then, if (A) be 
isufficiently small, Qn must be greater than Q'^n; 
and, therefore, Q will lie above Q" ; and, therefore, 
the arc PQ above the arc PQ". 

Now, if Nn had been measured on the other 
side of N, and Qn, Q^'n then been the ordinates of 
the curve and circle to the abscissa An, we should 
have had 

Qn:=yph+q.Y-^^ r. ^^ ^ + &c. 

Q''n=y-p'A + 9'.:p-^ - ''''TT^Ts + *^-' 
and, therefore, 

0n_Q"»=(r--r).^ + (,-,-).-j^ + 4c. 

But, since /— r is negative, Qw - Q"n must be 
negative, when (A) is small ; hence, Qn will be less^ 
than Q'^n; and, therefore, Q will lie below Q"; and, 
consequently, the arc PQ below the arc PQ". 

Since, then, an arc of the curve, when measured 
on one side of the ordinate PN, falls above the circle 
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A'PQ\ and when measured on the other, falls 
below, the circle and the curve must intersect each 
other at P. 

In the same manner the proposition may be 
proved, if (r) be less than [r'). 

Cor. 1. This proposition will not hold good, if 
r = r', for in that case, wh'en Nn is measured to th^ 
right of iV, we have 

Q«-Q"„=(.-^).^ + (,-0.j;5|^+&e., 

and when Nn is measured to the left of iV, we have 
a»-Q"n=(.-,).^-(,-0.;^+4c. 

Hence, when {h) is sufficiently diminished, Qn - Q'n 
is, in both cases, either positive or negative, accord- 
ing as {s) is greater or less than («') ; and, conse- 
quently, the curve APQ lies either above or below 
the circle A'PQ1\ on both sides of P, At this point 
the curvature. of the curve is either a maximum or a 
minimum. Let Jf? = the radius of curvature; then 
R may be considered as a function of {x\ and we 
have 

dB _ _ 3.(i+p')*.prf/? rfg.(i+y*)f 
' ' dx ~ qdx (^dx 

because 9 = ^, andr = ^. 
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Again, in the circle of curvature, we have 

(x-«)« + (y-^)*=iP; 

.'. H-p'+9.(y-i3)=o, 
and, by another differentiation, 

eliminating (y-/3) from these two last equations, 
we have 

combining this equation with the equation {A), we 
have 

dR ^ 

and^ consequently, (unless -^-^ be also equal to 

nothing, which will be the case when s^s'), R is 
either a maximum or a minimum. 

Cor. 2. This proposition will again hold good^ 
if, when r=r', 8 also = «'. For in that case, when 
Nn is measured to the right of JV", we have 

^ ' 1,2 6 

\ 

I 

and when ^n is measured to the left of A^, 
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^ ^ 1 . 2... 



* Here, when (A) is sufficiently diminished^ we may 
prove, as before^ that the curve on one side of P lies 
within^ and on the other without the circle A'PQ'. 
Ip this case R is neither a maximum nor a mini- 
mum*. 



* It may easily be shown^ by a general demonstration, that 
when the circle of curvature does not cut the curve, the curvature 
of the carve at that point is either a maximum or a minimum. 

Let p, q, r, Sy t, &c. be the first, second, third, fourth, fifth, &c. 
differential coefficients of the ordinate of the curve. Then, since 

R the radius of curvature = ^— i^JL, it will appear, by differ- 

entiation, that -7 — involves (p), (5), (r), and is, consequently, a 

function of these three quantities, and may, therefore, be repre- 
sented by ^ . (p, g, r). 

Similarly, it may be shown, that 

2^ = 0' (p, 9, r, *), 

and -j^ = ^" (p, q, r, j, t)y 

and so on for any number of differential' coefficients. Again, let 
f\ 4y '^^ ^> ^> *^ he the differential coefficients of the ordinate of 
the circle of curvature ; then we have 

ft -^}±€t 

and, by successive differentiations, 

Aa 
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Prop. LX. 

Having given the equation to one curve ^ to find 
the equatitm to a curve ^ which is the locus of all the 
centres of curvature to the different points of the 
given curve. 

Let P be a point in the given curve AP, PN 
and AN the ordinate and abscissa to that point = {y) 



0=0. (p', 9',/), 

0=f (p',g', r', A 

O==0"(p',9',r',y,O- 
Now, p's=p, and 9'= 9; and, consequently, if rrsr*, we have 

dR 

ajB 

Hence, in this case, where the circle does not cut the curve, R 
is either a maximum or a minimum. 

If, however, when r =: r^, s also=*', we have 

4>'{p>q,r) = <t>ip',q',r% 

and 0' (p, q, r, s)=4> (p', 9', r', *') ; 

dR ^ A^^ ^ 

.'. -r- = 0, and -r-i- «= 0. 
dx oar 

Hence, in this case, where the circle does cut the curve, R is 
neither a maximum nor a minimum. 

If, however, tszt*, we have again 

dR ^ d^R ^ A ^R ^ 

and, consequently, in this case, ' where the circle does not cut the 
curve, R is either a maximum, or a minimum. 

In the same way we may proceed, whatever be the number 
•f differential coefficients in the curve, which become equal to the 
•o^i^jiponding ones in the circle of curvature. 
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and (j?) respectively ; let (p), (q) and (r) be the first, 
second, and third differential coefficients of (y) con- 




sidered as a function of (x). Let PO the radius of 
curvature = il, On, An, the co-ordinates to the point 
= (^') and {x') respectively, and through O, draw 
n'OB parallel to ANn ; then we have the following 
equations : 

R = li±J?l. , (by Prop. 58.), 
and OvL^'p • P«', or .r — a? = {y—j/) p ; 
[because p = -i^ = tan PTA, (by Prop. 41.) 

= tan OPN,] 

and R'=:Pn''+On' = iy-i/y + {x'^xy. 



From these equations we may deduce 



y'=3/ + 



X =x — 



9 
(1 +p^)p 



(C), 



(D). 



Here, then, we have three equations, viz., the equa- 
tion to the curve APy and the equations (C) and 
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(D), and if from them we can eliminate the two 
unknown quantities (x) and (^), we may find the 
equation between {x^) and (y), which will be the 
equation to the curve^ traced out by O. 

Ex. 1. To find the nature of the curve traced 
out by O, when AP is a parabola. 

Here y = 4aa:; .•. 2yp^Aa, or yp = 2a; 

m 

••P+gy = 0; hence, -^ = -^L__^; 

and (^+P')P ^ / + 4fl^ ^ 
q 2a 

Hence, y = v - '^ — — ^ = - f-^; 
•^ ^ 4a* 4a* 



2 1 



••. y = -\/4.a^y"^, 

and .r' = J? + '^ 

2a 



a:+2a + ^^^- = 3x + 2a; 
2a 



and, therefore, a? = --^ 



Substituting these values of (y) and {x) in the equa- 
tion y= 4a j*, we have 

and cubing this equatfon^ 

l6.aY = ^.(x'~2ay; 
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"■ 6 ' 
where x" is assumed =a;^— 2 a, and b = . Hence^ 

4 

the curve MO is the semi-cubical parabola. 

Cor. 1. The radius of curvature PO is the 
tangent to the curve MO. (See Pig. Prop. 6o.). 

For smce y = y + -^^ ^—^ , 

- dy dp , dcr 

becau8ep = ^, g = j^, ^^^ r = ^, 

, . , ( l+/)p 
and since a? =« — -^ ^ , 

9 

dx i . r.(14p*) 



dx 



= _,.{3,_M1^}, 



hence, g, = - ^ 
Now, tan POB= -tan POn'= - tan TPN 



= -cotPTAr=- 



tanPTiV 



Hence, PO is a tangent to the curve MO at O. 
Cor. 2. If the curve AP, and the curve MO 
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intersect each other in A, the length of the curve 
AMO is equal to the radius of curvature PO. 

Let the length of the arc AMO^s', then, (by 
Prop. 45. Cor. 1.), we have 



d^ dy dx' 
do^ "" dx" "•■ dx" • 



but, in the former corollary, we found that 
da' , = f r.(l+p^)\ 



dx 



dR 

= ^, (by Prop. 49. Cor. l.) ; 



hence^ R and {s') are two functions of [x)^ which 
have the same differential coefficient ; and, therefore^ 
the difference between them is constant ; but, when 
P coincides with A, O also coincides with A ; and, 
therefore, their difference then = O ; consequently, 
their difference always = 0; and, therefore, we have 
R always =*', or the arc AMO=iPO, the radius of 
curvature. 

CoRi 3. Hence, it is manifest, that if a thread 
be wound upon the curve OMA, then, by unwinding 
it, and keeping it stretched, the end P may be made 
to trace out the curve AP. In consequence of this 
property, the curve AMO is said to be the evolute 
of the curve AP, and the curve AP the involute of 
AMO. 



SECT. VIII. 



CURVATURE OF SPIRALS 



Prop. LXI. 

There cannot he two unequal circleSj which, 
when considered as spirals, have, at any point, their 
radii vectores, and the Jirst and second differential 
coefficients of their radii vectores^ respectively equal. 

Let j4P be a cir- 
cle whose centre is O, 
considered as a spiral^ 
referred to the point S 
as its pole, and 8L as 
its initial line ; let the 
radius vector SP = p, 
the angle LSP t= $, 
SO=iC, OP^r, and -SFthe perpendicular upon the 
tangent at P^p; then we have 

SO'^SP'+P(^^2SP.PO.co%SPO, 

or c^^p^+r^'^2rp. cos PSr 
=p*+r'- 2r .p. 
Hence^ differentiating^ we have 

2pdp-2rdp=^Oi or r=^-^. 
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Similarly^ if there be any other circle^ considered as 
a spiral^ and referred to the same pole and initial 
line^ whose radius vector^ radius, and perpendicular 
upon the tangent^ are p', / and jl respectively, it 
may be shown^ that 



Now, in general. 



dp' ' 



2= L +AI.. 



■■%-^-'' (^)- 



Hence^ by differentiation^ 






(^). 



Similariy, ^ = ^ - p« (C), 

, <Fp' 2 J* p'*dp' , ,„, 

Now, since by the suppositior^ 

^^j dp _dp , d^p _ d'p 

we have, from the equations (A) and (C), p=p'; 
and, consequently^ from the equations (jB) and (D), 

^^^. hence, ^ = ^^; 
dp dp' ^ ^ dp dp' 

that is, the radii of the two circles are equal ; and, 
consequently, the circles themselves cannot be un- 
equal. 
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Pro?. LXII 

If a curve SPQ and a circle Pq', considered M 
spirals^ referred to the same pole S, and the same 
initial line SL^ have at any point P, a common tan- 
gent YPR ; then according as at that point, the second 
differential coefficient of the radius vector of the 
circle, is less or greater than that of the radius 
vector of the curve, the circle will lie nearer to, or 
further from, the pole, than the curve. 

Let ^LSP^e, 
and let {p) and (p") 
be the radii vectores 
of the curve and 
circle; draw another 
radias vector SqR 

cutting the circle in (;'), the curve in Q, and the 
tangent in R, and let z PSR=n. Then we have 







+ &c., 



u , ^P 



d? 



S?=p" + ^^.. + ^.j^+&c. 



Now, at the point P, 



n ^„j ^P _ dp" 

^=.p.and^=^, 

(by Prop. 50. Cor. 10.); hence, SQ-Sg' is equal 
to the series^ 

Bb 
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Now, let ^ be greater than ~-, then, if (i) be 

sufficiently small, this series is positive ; and, there- 
fore, S^ is greater than Sq'; consequently, (9') is 
nearer to 5 than Q; and, therefore, the circular ar<5 
Pq' is nearer to the pole than PQ, the arc of the 
curve. In the same manner it may be shown, that 
a small arc of the circle Pq'^ measured on the other 
side of P, lies nearer to the pole, than the corre- 

sponding curvilinear arc ; hence, when --j~ is less 

than -j^, the circle lies nearer to the pole than the 
curve. 

Cor. 1. If the spiral be concave, it falls between 
the tangent and the pole ; and if -j^ be less than 

j—^, the circle falls between the spiral and the pole; 

and, consequently, the circle falls within the spiral; 
and, therefore, its curvature is not less than that of 
the curve. 

Cor. 2. If -j^ be greater than ^^, the cur- 
vature of the circle is not greater than that of the 
curve. 

Cor. 3. If the spiral be convex, and -^ less 

du 

than -7^, the circle will fall without the spiral, (that 

is, between the spiral and the tangent) ; and, there- 
fore, its curvature will not be greater than that of the 
curve. 
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Cor. 4. If -^- be greater than -r^ , the cur- 
vature of the circle cannot be less than that of the 
curve. 

Prop. LXIII. 

If the circle Pq and the spiral SPQ, {both being 
considered as spirals,) have, at the point F, the same 
tangent YPR, and the same radius vector SP, and 
if, at that point the second differential coefficient of 
the radius vector be the same in both, the circle Pq is 
the circle of curvature*. 



* This proposition may easily be proved from the definition 
given in note, page 178. 

Using the same figure and notation as before, let P^ be the 
circle of curvature, and, if possible, let ■— be les$ than -t~ , and 

Pq another circle, in which -j-~ lies between ^ and —^ , then 
we have 



dp' .d'p' 



* AS* .3 






And since, at the point P, pz=.p=zp*\ 



and dp_dp_ dp" 



we have 






Now, 
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Describe the circle P^, touching the tangent 
YPR in the point P, and falling entirely within the 
circle Pq ; let the radii vectores of the spiral, and 
the two circles Py, Pi( be p, p'y p\ respectively ; the 
perpendiculars upon the tangents, p, p\ jl\ and let 
the z hSP which = Qy be the spiral angle to them 
all. Then, since the circle P^ falls within the 

circle Pj, ^ cannot be less than -^4- , (Prop. 62. 



Now, if (0 be small, since -7— is less than j^, and greater than 

OCT au 

-^ , both these series are positive ; hence, Sq is less than SQ,, 

and greater than Sq'; and, therefore, the point (q) lies between 
Q and (q'); and, consequently, the arc Pq lies between the arc 
PQ, and the circular arc Pq. The same may be proved, if the 
arcs PQ, Pq and P^, had been measured on the other side of P. 
Hence, the circle Pq lies between the spiral and the circle Pg^'; 
and, consequently, P^ cannot be the circle of curvature. 

In the same manner it may be sho'^^n, that P^ cannot be the 
circle of curvature, when -7^ is greater than -r^ • Hence, if 

P& be the circle of curvature ^^ must equal -rs • 

av avr 

Conversely, if ;7^ = -1-^, Pq must be the circle of curvature. 



itnKina> VPR ut P. Thtn\ if 

dO' 



d^0 
Draw any other cirde Pq touching YPR at P. Then if -7^ be 



less than ~^ or -^ , the series (£) is positive ; and the series 

(P) negative; and, therefore, 'S'^ is less than either SQ, or Sq^ ; 
and, consequently, Pq does not lie between PQ and Ptf, In the 
san^e manner it may be shown, that Pq will not lie between 

pa and Pg', when -j^ is greater Aan^. Andif~^=^, 

the circles Pq, Pq must coincide, (Prop. 6I.) Hence, in neither 
of these three cases can the circle Pq lie between the circle Pq' 
and the spiral arc PQ, Hence, Pq' must be the circle of cur- 
vature. 
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cfo'' 



Cor. 1.), and it cannot be equal to -z^, (Prop. 6l.) ; 
hence, ^ is greater than -r^, but by the suppo- 
sition, ^ = ^ ; hence, ^ is greater than ^ , 

and, consequently, (Prop. 62. Cor. 1.) the curvature 
of the circle Pgf is not less than that of the spiral at 
the point P. 

Now, if another circle be drawn touching YPR 
in P, so as to fall within the circle Pq, and without 
the circle Py', it may be shown, as before, that the 
curvature of this circle, (which is less than the cur- 
vature of P9O9 1^ ^^^ less than that of the spiral at P. 
Hence, the curvature of Pq' is greater than that of 
the spiral at P. 

Thus it appears, that every circle Pq\ which has 
a greater curvature than Pq, has also a greater cur- 
vature than that of the spiral at P; and in the same 
way it may be shown, that every circle, which has 
a less curvature than Pq, and, consequently, lies 
without Af has also a less curvature than that of the 
spiral at P. Hence, no circle, but Pq, can have the 
same degree of curvature, that the spiral has at P; 
and, consequently, Pq is the circle of curvature. 

Cor. 1. Hence, the radius of curvature to the 
spiral may be found. Let (r) be the radius of cur- 
vature, then it equals the radius of the circle Pq 

5='^r-^: but since at the point P, 
dp 

_ , dp _d£ , dV _ 5[V 

^■'P' de'^ dd' d0' "rfr ' 
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we may prove^ as before, in (Prop. 6l.), that 

pdp _ p'dp' 
dp ~ dp' ' 

and, consequently^ the radius of curvature = —^ . 

Cor. 2, Hence^ that chord of the circle of cur- 
vature to the point P^ which is drawn from P, and 
(produced^ if necessary^ passes through the pole 

dp 
Ex. 1 . In the logarithmic spiral^ 



/> = 



-j=£==, [where J=hyp. log. (a)] ; 



hence^ ^ ^ = 2/3. 
Ex. 2. In the parabola, 

:. 2 . hyp. log. (p) =hyp. log. <a)-fhyp. log. (p) ; 

p p dp ^ 



-^ 
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